
Our session will start momentarily.   
While you are waiting, please do the following: 
 
Enter/edit your profile information by going to: 
ω¢ƻƻƭǎ  - Preferences  - aȅ tǊƻŦƛƭŜΧ 
ωCƛƭƭ ƻǳǘ ǘƘŜ ƛƴŦƻ ƻƴ ǘƘŜ άƛŘŜƴǘƛǘȅέ ǘŀō ŀƴŘ ŎƭƛŎƪ άhYέ 
ω¢ƻ ǾƛŜǿ ǘƘŜ ǇǊƻŦƛƭŜ ƻŦ ŀƴƻǘƘŜǊ ǳǎŜǊΣ ƘƻǾŜǊ ȅƻǳǊ ƳƻǳǎŜ ƻǾŜǊ Ƙƛǎ ƻǊ ƘŜǊ ƴŀƳŜ ƛƴ 
the participants window 
  
Configure your microphone and speakers by going to: 
ω¢ƻƻƭǎ ς audio ς audio setup wizard 
ω Cƻƭƭƻǿ ǘƘŜ ǇǊƻƳǇǘǎ 
 
Confirm your connection speed by going to: 
ω¢ƻƻƭǎ ς preferences ς connection speed 



Viewing video during the webinar 

ÅWhen the new window opens, scroll to the 
bottom and click the play arrow.  

ÅLŦ ȅƻǳ ŎŀƴΩǘ ǎŜŜ ǘƘŜ ǿƛƴŘƻǿΣ ȅƻǳǊ ŘƛǎǘǊƛŎǘ Ƴŀȅ 
ōƭƻŎƪ ŀŎŎŜǎǎΦ ¢ƘŀǘΩǎ ǿƘȅ ǘƘŜ ƭƛƴƪ ƛǎ ŀƭǎƻ 
provided in the powerpoint. When you have a 
moment (!) you can watch it in an unblocked 
location.  



Standards For Mathematical 
Practice 

Fifth Grade 

December 8, 2011 
Presenter: Turtle Gunn Toms 



Welcome! 

ÅThank you for taking time out of your day to join this 
discussion. 

ÅYou should end the session today with at least 3 
takeaways- something you can do tomorrow, a list of 
resources, something to think about.  

ÅI need your feedback at the end of this session. 
Feedback helps me become a better teacher, and 
helps you to reflect on your learning.  Please enter 
feedback in the chat box once we are done.  

 

  





Clearing up confusion: 
ÅThis webinar is not about CCGPS content, it is about using the 

CCGPS Mathematical Practices this year with GPS content. 

ÅFor information about how and why CCSS were developed 
and adopted, watch: common core- teaching channel and 
this: common core- math- teaching channel 

ÅGPS is taught and tested 2011-12. CCGPS is taught and tested 
2012-13.  

Å I will provide a list of resources mentioned during the session 
and one of the documents that has been downloaded to your 
computer is also a list of resources and future GPB broadcast 
dates.  

 

 

http://www.youtube.com/watch?v=1IPxt794-yU&NR=1
http://www.youtube.com/watch?v=1IPxt794-yU&NR=1
http://www.youtube.com/watch?v=1IPxt794-yU&NR=1
http://www.youtube.com/watch?v=1IPxt794-yU&NR=1
http://www.youtube.com/user/TeachingChannel
http://www.youtube.com/user/TeachingChannel
http://www.youtube.com/user/TeachingChannel
http://www.youtube.com/user/TeachingChannel
http://www.youtube.com/user/TeachingChannel
http://www.youtube.com/user/TeachingChannel
http://www.youtube.com/user/TeachingChannel


How many are in your group 
today?  

In the chat window,  

Please type the total 

number of participants in 

your group today, and your 
location/district .  

Thanks! 



Think for 30 seconds, then share- 

What is learning? 

What defines an effective classroom? 

How do students become proficient in 
mathematics? 

 



Answers from classroom teachers 

ÅLearning happens when a student can make 
connections. 

ÅLearning happens when a student can make 
sense of mistakes. 

ÅLearning happens when students can think 
about their thinking. 

ÅAn effective classroom is a place where 
students are doing the work.   



Is my classroom effective? 

ÅLearning happens when a student can make 
connections. 

ÅLearning happens when a student can make 
sense of mistakes. 

ÅLearning happens when students can think 
about their thinking. 

ÅAn effective classroom is a place where 
students are doing the work.   



So what does the teacher do?  
ÅFocus on more on learning, less on teaching. 

ÅAsk questions related to the ideas the students are 
ŎƻƴǎǘǊǳŎǘƛƴƎΣ ǉǳŜǎǘƛƻƴǎ ǘƘŀǘ ƛƭƭǳƳƛƴŀǘŜ ǘƘŜ ƭŜŀǊƴŜǊΩǎ 
thinking. 

ÅProvoke disequilibrium. 

ÅAllow productive struggle.  

ÅThink differently. Many of us have seen math as 
something to be learned, practiced, and applied. Now it 
is understood as interpreting, organizing, inquiring, and 
constructing meaning using a mathematical lens.   

 

 

 



Chew on this for a moment: 

ά!Ƴ L ǊŜŀƭƭȅ ƛƴǘŜǊŜǎǘŜŘ ƛƴ ƎŜǘǘƛƴƎ 
to know what is in their heads, 

or,  

do I just want them to know 
what is in my ƘŜŀŘΚέ 

 
Ann Shannon, 2011 



How do we create a classroom 
environment which encourages students 
to take responsibility for their learning 

and allows them to become proficient in 
mathematics? 

What changes and what stays the same? 

 



What needs to go away: 

ÅProblem solving Friday 

ÅEnrichment for the few 

ÅJust giving the answer (teacher or student!) 

ÅIsolation of content from process 

ÅGPS-ing students (what does that mean?) 



ñI listen while the teacher explains.ò 

ñI copy down the method from the board or 

textbook.ò 

ñI only do questions I am told to do.ò 

ñI work on my own.ò 

ñI try to follow all the steps of a lesson.ò 

ñI do easy problems first to increase my 

confidence.ò 

ñI copy out questions before doing them.ò 

ñI practice the same method repeatedly on many 

questions.ò 
For these learners, mathematics is something that is ódone to themô, 

rather than being a creative, stimulating subject to explore. 

 



In many of the mathematics lessons where learning is 
unsatisfactory on or more of the following characteristics is 
evident: 

Å Students are given low-level tasks which are mechanistic and can be 
completed by imitating a routine or procedure without any depth of 
thought.  

Å Students are mainly receivers of information, and have little opportunity 
for more direct participation in the lesson and the exploration of different 
approaches.  

Å Insufficient time is allowed for students to develop their understanding of 
the mathematical concepts being taught.  

Å Students have too little time to explain their reasoning and consider the 
merits of alternative approaches.  

 
Ofsted Subject Reports, London, 2002, HMSO 

 



Starting now: we can begin using 
Standards for Mathematical Practice 
Åά¢ƘŜ {ǘŀƴŘŀǊŘǎ ŦƻǊ aŀǘƘŜƳŀǘƛŎŀƭ tǊŀŎǘƛŎŜ ŘŜǎŎǊƛōŜ ǾŀǊƛŜǘƛŜǎ ƻŦ 

expertise that mathematics educators at all levels should seek to 
develop in their students. These practices rest on important 
ΨǇǊƻŎŜǎǎŜǎ ŀƴŘ ǇǊƻŦƛŎƛŜƴŎƛŜǎΩ ǿƛǘƘ ƭƻƴƎǎǘŀƴŘƛƴƎ ƛƳǇƻǊǘŀƴŎŜ ƛƴ 
ƳŀǘƘŜƳŀǘƛŎǎ ŜŘǳŎŀǘƛƻƴΦέ 

                                                (CCSS, 2010) 
Å The mathematical practices require a "re-negotiation" of the 

classroom contract. 
 

Å 3 Major Shifts: 
ïTeachers cannot create learning-only learners can do that.  
ï Increased student responsibility- from receptive to active learner 
ïTeacher/student relationship shift- from adversarial to collaborative 

Black and Wiliam, 2006  



The goal: 

To make mathematics teaching more effective by challenging 
learners to become more active participants. We want them to  
engage in discussing and explaining their ideas, challenging and 
ǘŜŀŎƘƛƴƎ ƻƴŜ ŀƴƻǘƘŜǊΣ ŎǊŜŀǘƛƴƎ ŀƴŘ ǎƻƭǾƛƴƎ ŜŀŎƘ ƻǘƘŜǊΩǎ 
questions and working collaboratively to share their results.  
 
They not only improve in their mathematics; they also become 
more confident and effective learners. 

 



Viewing video during the webinar 

ÅWhen the new window opens, scroll to the 
bottom and click the play arrow.  

ÅLŦ ȅƻǳ ŎŀƴΩǘ ǎŜŜ ǘƘŜ ǿƛƴŘƻǿΣ ȅƻǳǊ ŘƛǎǘǊƛŎǘ Ƴŀȅ 
ōƭƻŎƪ ŀŎŎŜǎǎΦ ¢ƘŀǘΩǎ ǿƘȅ ǘƘŜ ƭƛƴƪ ƛǎ ŀƭǎƻ 
provided in the powerpoint. When you have a 
moment (!) you can watch it in an unblocked 
location.  



What happens if we continue to 
sacrifice understanding? 

Åhttp://youtu.be/qlRrImM8GJg+ 

http://youtu.be/qlRrImM8GJg


CCGPS Standards for Mathematical 
Practice These are the 

backbone of 
the practices. 



In every classroom, in every 
mathematical situation: 

ÅStudents must mathematize their world.  

ÅStudents must take responsibility for learning. 

ÅMathematics must be made explicit. 

IƳƳƳΧΦ²Ƙŀǘ ŘƻŜǎ ƛǘ ƳŜŀƴ ǘƻ ƳŀƪŜ 
mathematics explicit?  

What does it mean to mathematize? 



Making the mathematics explicit: 
ÅChildren create and use graphic depictions 

receiving guidance and feedback from the 
teacher. 

Å[ŜŀǊƴŜǊΩǎ reasoning is made as explicit as 
possible to help students see what another is 
thinking. 

ÅStudent sharing of ideas and strategies is 
paramount. 

ÅTeacher looks for significant ideas to highlight. 
LouAnn Lovin, 2011 



Mathematizing Fifth Grade 
ÅTo mathematize, one sees, organizes, and interprets the world 

through and with mathematical models.  

ÅThe potential to model the problematic situation 
must be built in.  

ÅProblematic situations must allow students to realize 
ǿƘŀǘ ǘƘŜȅ ŀǊŜ ŘƻƛƴƎΦ ¢ƘŜȅ Ƴǳǎǘ ōŜ ŀōƭŜ ǘƻ άƛƳŀƎƛƴŜ 
ŎƻƴŎǊŜǘŜƭȅέΦ 

ÅProblematic situations must prompt learners to ask 
questions, notice patterns, wonder, ask why, and ask 
what if.  

(Young Mathematicians at Work, Catherine Twomey Fosnot, 2001) 



άhƴƭȅ ƛŦ ŎƘƛƭŘǊŜƴ ŎƻƳŜ ǘƻ ōŜƭƛŜǾŜ ǘƘŀǘ ǘƘŜǊŜ ŀǊŜ 
always multiple ways to solve problems, and 
that they, personally, are capable of 
discovering some of these ways, will they be 
likely to exercise- and thereby develop- 
ƴǳƳōŜǊ ǎŜƴǎŜΦέ 

 
Laura Resnick, 1990 



1.  Make sense of problems and persevere in solving them. 
Å Provide time and facilitate discussion in problem solutions. 

Å Facilitate discourse in the classroom so that students UNDERSTAND the 
approaches of others. 

Å Provide opportunities for students to explain themselves, the meaning of 
a problem, etc. 

Å tǊƻǾƛŘŜ ƻǇǇƻǊǘǳƴƛǘƛŜǎ ŦƻǊ ǎǘǳŘŜƴǘǎ ǘƻ ŎƻƴƴŜŎǘ ŎƻƴŎŜǇǘǎ ǘƻ άǘƘŜƛǊέ ǿƻǊƭŘΦ  

Å tǊƻǾƛŘŜ ǎǘǳŘŜƴǘǎ ¢La9 ǘƻ ǘƘƛƴƪ ŀƴŘ ōŜŎƻƳŜ άǇŀǘƛŜƴǘέ ǇǊƻōƭŜƳ ǎƻƭǾŜǊǎΦ 

Å Facilitate and encourage students to check their answers using different 
methods (not calculators). 

Å tǊƻǾƛŘŜ ǇǊƻōƭŜƳǎ ǘƘŀǘ ŦƻŎǳǎ ƻƴ ǊŜƭŀǘƛƻƴǎƘƛǇǎ ŀƴŘ ŀǊŜ άgeneralizableέΦ 

6.  Attend to precision.  
Å Facilitate, encourage and expect precision in communication. 

Å Provide opportunities for students to explain and/or write their reasoning 
to others.  

 

 

What teachers do:  



1.  Make sense of problems and persevere in solving   them. 
Å Students solve problems by applying their understanding of operations 

with whole numbers, decimals, and fractions including mixed numbers. 
They solve problems related to volume and measurement conversions. 
Students seek the meaning of a problem and look for efficient ways to 
represent and solve it. They may check their thinking by asking 
ǘƘŜƳǎŜƭǾŜǎΣ ά²Ƙŀǘ ƛǎ ǘƘŜ Ƴƻǎǘ ŜŦŦƛŎƛŜƴǘ ǿŀȅ ǘƻ ǎƻƭǾŜ ǘƘŜ ǇǊƻōƭŜƳΚέΣ ά5ƻŜǎ 
ǘƘƛǎ ƳŀƪŜ ǎŜƴǎŜΚέΣ ŀƴŘ ά/ŀƴ L ǎƻƭǾŜ ǘƘŜ ǇǊƻōƭŜƳ ƛƴ ŀ ŘƛŦŦŜǊŜƴǘ ǿŀȅΚέ 

6.  Attend to precision.  
Å Students continue to refine their mathematical communication skills by 

using clear and precise language in their discussions with others and in 
their own reasoning. Students use appropriate terminology when referring 
to expressions, fractions, geometric figures, and coordinate grids. They are 
careful about specifying units of measure and state the meaning of the 
symbols they choose. For instance, when figuring out the volume of a 
rectangular prism they record their answers in cubic units. 

 

 



1.  Make sense of problems and persevere in solving   them. 
Å Students solve problems by applying their understanding of operations 

with whole numbers, decimals, and fractions including mixed numbers. 
They solve problems related to volume and measurement conversions. 
Students seek the meaning of a problem and look for efficient ways to 
represent and solve it. They may check their thinking by asking 
ǘƘŜƳǎŜƭǾŜǎΣ ά²Ƙŀǘ ƛǎ ǘƘŜ Ƴƻǎǘ ŜŦŦƛŎƛŜƴǘ ǿŀȅ ǘƻ ǎƻƭǾŜ ǘƘŜ ǇǊƻōƭŜƳΚέΣ ά5ƻŜǎ 
ǘƘƛǎ ƳŀƪŜ ǎŜƴǎŜΚέΣ ŀƴŘ ά/ŀƴ L ǎƻƭǾŜ ǘƘŜ ǇǊƻōƭŜƳ ƛƴ ŀ ŘƛŦŦŜǊŜƴǘ ǿŀȅΚέ 

6.  Attend to precision.  
Å Students continue to refine their mathematical communication skills by 

using clear and precise language in their discussions with others and in 
their own reasoning. Students use appropriate terminology when referring 
to expressions, fractions, geometric figures, and coordinate grids. They are 
careful about specifying units of measure and state the meaning of the 
symbols they choose. For instance, when figuring out the volume of a 
rectangular prism they record their answers in cubic units. 

 

 



ÅWhat can we do to make sure students make 
sense of problems and persevere in solving 
them?  

ÅHow can we ensure students attend to 
precision? 

 

 



Sample problem #1 

3 

4 

1 

3 

M5N4.g Add and subtract common fractions and mixed numbers with unlike denominators  





From an online teacher community bulletin board:  
 

Å Comparing Fractions  
04-29-2009, 06:19 PM    

Å #1  

Å I know I saw it on here but forget. What is the way to compare fractions without finding a common denominator? I know you drew 
something like a butterfly between the four numbers. I need to start writing things down! 

 

Å Comparing fractions-explanation  
04-29-2009, 10:00 PM  

Å   #4  

Å Here's a video clip of how to compare two fractions using the 'butterfly method'. I use this very successfully with my students. 

 

Å Risa does it again!  
08-13-2009, 11:32 PM    

Å #9  

Å Risa; that butterfly method link is AWESOME... I'll be teaching fractions in a few weeks and will definitely use that method! Thanks 
once again for a great share! 

 

Å Buttterfly Method??  
11-16-2011, 03:35 AM  

Å #14  

Å The so called "butterfly method" used to compare fractions is nothing more than a trick. Students need to understand number 
sense before completing problems using tricks. It is better to teach our students to use benchmark fractions or changing the 
fractions to equivalent fractions using the least common denominator. Yes...the butterfly method is easy for a teacher to use but it 
only enables students to use tricks and not really learn what fractions are all about. 

 

http://www.proteacher.net/discussions/showpost.php?p=1073739&postcount=1
http://www.proteacher.net/discussions/showpost.php?p=1073938&postcount=4
http://www.proteacher.net/discussions/showpost.php?p=1348939&postcount=9
http://www.proteacher.net/discussions/showpost.php?p=2735338&postcount=14


Use butterflies on this TIMSS item: 

 

1/2 + 1/3 +1/4 =__ 
 

  



Can we make this better?  

ÅThink for a moment, then work with your 
elbow partner to come up with a 
problematic mathematical situation 
which would provoke disequalibrium, 
and reveal misconceptions. Write down 
your problematic situation. Set it aside. 



Word Problems vs Problematic 
Situations 

ÅWord problems: Teachers assign them after 
they have explained operations, algorithms, or 
rules, and students are expected to apply 
these procedures to the problems. 

ÅProblematic situations: Used at the 
beginning- for construction of understanding, 
generation and exploration of mathematical 
ideas and strategies, offering multiple entry 
levels, and supportive of mathematization.    

(Young Mathematicians at Work, Fosnot, 2002) 



Why do students have to do 
math problems? 

 

1. I had to, why 
ǎƘƻǳƭŘƴΩǘ ǘƘŜȅΚ 

2. So they will listen in 
class. 

3. To learn mathematics. 
 

 

 

 



Why give students problems 
to solve? 

To learn mathematics. 

ÅAnswers are part of the process, they are not the product. 

Å¢ƘŜ ǇǊƻŘǳŎǘ ƛǎ ǘƘŜ ǎǘǳŘŜƴǘΩǎ ƳŀǘƘŜƳŀǘƛŎŀƭ ƪƴƻǿƭŜŘƎŜ ŀƴŘ 
know-how. 

Å¢ƘŜ ΨŎƻǊǊŜŎǘƴŜǎǎΩ ƻŦ ŀƴǎǿŜǊǎ ƛǎ ŀƭǎƻ ǇŀǊǘ ƻŦ ǘƘŜ ǇǊƻŎŜǎǎΦ ¸ŜǎΣ 
an important part. 

 
Phil Daro, 2010 

 



Wrong Answers 
are part of the process, too 

 
ÅWhat was the student thinking? 

ÅWas it an error of haste, or a stubborn 
misconception? 

 

 
Phil Daro, 2010 

 



Three Responses to a Math Problem 

1. Answer getting. 

2. Making sense of the problem situation. 

3. Making sense of the mathematics you can learn 
from working on the problem. 

 

 

 
Phil Daro, 2010 

 



Answers are a black hole. It is  
hard to escape the pull. 

ά!ƴǎǿŜǊ ƎŜǘǘƛƴƎέ ǎƘƻǊǘ ŎƛǊŎǳƛǘǎ 

mathematics  

and 

mathematical sense making.  
Phil Daro, 2010 

 



Answer getting vs. learning 
mathematics 

ÅAnswer getting: 

How can I teach my kids to get the answer to 
this problem?  
Use mathematics they already know. Easy, reliable, 

works with bottom half, good for classroom 
management. Good for the teacher.  

ÅLearning mathematics: 

How can I use this problem to teach the 
mathematics of this unit? 

Phil Daro, 2010 

 

 



The arc of the lesson 

ÅDiagnostic: make differences visible; what are the 
differences in mathematics that different students 
bring to the problem? 

ÅAll students understand the thinking of each other: 
from least to most mathematically mature. 

ÅConverge on grade -level mathematics: pull 
students together through the differences in their 
thinking. 

 
Phil Daro, 2010 

 



 
Principles for effective teaching 

 
ω .ǳƛƭŘ ƻƴ ǘƘŜ ƪƴƻǿƭŜŘƎŜ ƭŜŀǊƴŜǊǎ ŀƭǊŜŀŘȅ ƘŀǾŜΦ 

ω 9ȄǇƻǎŜ ŀƴŘ ŘƛǎŎǳǎǎ ŎƻƳƳƻƴ ƳƛǎŎƻƴŎŜǇǘƛƻƴǎΦ 

ω ¦ǎŜ ƘƛƎƘŜǊπƻǊŘŜǊ ǉǳŜǎǘƛƻƴǎΦ 

ω ¦ǎŜ ŎƻƻǇŜǊŀǘƛǾŜ ǎƳŀƭƭ ƎǊƻǳǇ ǿƻǊƪΦ 

ω 9ƳǇƘŀǎƛȊŜ ǊŜŀǎƻƴǎ ǊŀǘƘŜǊ ǘƘŀƴ ŀƴǎǿŜǊǎΦ 

ω ¦ǎŜ ǊƛŎƘ ŎƻƭƭŀōƻǊŀǘƛǾŜ ǘŀǎƪǎΦ 

ω /ǊŜŀǘŜ ŎƻƴƴŜŎǘƛƻƴǎ ōŜǘǿŜŜƴ ǘƻǇƛŎǎΦ 

ω ¦ǎŜ ǘŜŎƘƴƻƭƻƎȅ ƛƴ ŀǇǇǊƻǇǊƛŀǘŜ ǿŀȅǎΦ 
Phil Daro, 2010 



Problem #1 Revisited 

ÅUsing the chat box, type in your problematic 
mathematical situation for fraction addition.  



 
Unitizing links fractions to whole 

number arithmetic 
 ω {ǘǳŘŜƴǘǎΩ ŜȄǇŜǊǘƛǎŜ ƛƴ ǿƘƻƭŜ ƴǳƳōŜǊ ŀǊƛǘƘƳŜǘƛŎ ƛǎ ǘƘŜ  

most reliable expertise they have in mathematics. 

ω Lǘ ƳŀƪŜǎ ǎŜƴǎŜ ǘƻ ǎǘǳŘŜƴǘǎΦ 

ω LŦ ǿŜ Ŏŀƴ ŎƻƴƴŜŎǘ ŘƛŦŦƛŎǳƭǘ ǘƻǇƛŎǎ ƭƛƪŜ ŦǊŀŎǘƛƻƴǎ ŀƴŘ 
algebraic expressions to whole number arithmetic, 
these difficult topics can have a solid foundation for 
students. 

 

 

Phil Daro, 2010 



Units are things you count 

ω hōƧŜŎǘǎ 

ω DǊƻǳǇǎ ƻŦ ƻōƧŜŎǘǎ 

ω м 

ω мл 

ω млл 

ω ѻ ǳƴƛǘ ŦǊŀŎǘƛƻƴǎ 

ω bǳƳōŜǊǎ ǊŜǇǊŜǎŜƴǘŜŘ ŀǎ ŜȄǇǊŜǎǎƛƻƴǎ 
Phil Daro, 2010 



Units add up 

Å3 pennies + 5 pennies = 8 pennies 

Å3 ones + 5 ones = 8 ones 

Å3 tens + 5 tens = 8 tens 

Å3 inches + 5 inches = 8 inches 

Å3   (¼ inches) + 5   (¼ inches) = 8   (¼ inches) 

Å¾ + 5/4 = 8/4 

Å3(x + 1) + 5(x+1) = 8(x+1)    
Phil Daro, 2010 



Models which support understanding 





Problem #1- revisited 

If I run for ¾ of an hour, and then 
ǿŀƭƪ ŦƻǊ Ѻ ƻŦ ŀƴ ƘƻǳǊΣ Ƙƻǿ ƳǳŎƘ 
time is that all together? 

Show how you know in both 
minutes and/or hours, and in 
fractions. Be ready to explain 
your thinking to the class. 



Manipulatives are open and readily accessible to any student 

throughout the day. 



Math Anchor Charts!   
Student contract and norms: 



 
Reasoning and explaining 

What teachers do:  

 
2. Reason abstractly and quantitatively. 
Å Provide a range of representations of math problem situations and encourage various 

solutions. 

Å Provide opportunities for students to make sense of quantities and their relationships in 
problem situations. 

Å Provide problems that require flexible use of properties of operations and objects. 

Å Emphasize quantitative reasoning which entails habits of creating a coherent representation of 
the problem at hand; considering the units involved; attending to the meaning of quantities, 
not just how to compute them and/or rules; and knowing and flexibly using different 
properties of operations and objects. 

3. Construct viable arguments and critique the reasoning of others. 
Å Provide ALL students opportunities to understand and use stated assumptions, definitions, and 

previously established results in constructing arguments. 

Å Provide ample time for students to make conjectures and build a logical progression of 
statements to explore the truth of their conjectures. 

Å Provide opportunities for students to construct arguments and critique arguments of peers.  

Å Facilitate and guide students in recognizing and using counterexamples.   

Å Encourage and facilitate students justifying their conclusions, communicating, and responding 
to the arguments of others. 

Å !ǎƪ ǳǎŜŦǳƭ ǉǳŜǎǘƛƻƴǎ ǘƻ ŎƭŀǊƛŦȅ ŀƴŘκƻǊ ƛƳǇǊƻǾŜ ǎǘǳŘŜƴǘǎΩ ŀǊƎǳƳŜƴǘǎΦ 

 



Reasoning and explaining 
2. Reason abstractly and quantitatively. 
Å Fifth graders should recognize that a number represents a specific quantity. 

They connect quantities to written symbols and create a logical representation 
of the problem at hand, considering both the appropriate units involved and the 
meaning of quantities. They extend this understanding from whole numbers to 
their work with fractions and decimals. Students write simple expressions that 
record calculations with numbers and represent or round numbers using place 
value concepts. 

3. Construct viable arguments and critique the reasoning of others. 
Å In fifth grade, students may construct arguments using concrete referents, such 

as objects, pictures, and drawings. They explain calculations based upon models 
and properties of operations and rules that generate patterns. They 
demonstrate and explain the relationship between volume and multiplication. 
They refine their mathematical communication skills as they participate in 
ƳŀǘƘŜƳŀǘƛŎŀƭ ŘƛǎŎǳǎǎƛƻƴǎ ƛƴǾƻƭǾƛƴƎ ǉǳŜǎǘƛƻƴǎ ƭƛƪŜ άIƻǿ ŘƛŘ ȅƻǳ ƎŜǘ ǘƘŀǘΚέ ŀƴŘ 
ά²Ƙȅ ƛǎ ǘƘŀǘ ǘǊǳŜΚέ ¢ƘŜȅ ŜȄǇƭŀƛƴ ǘƘŜƛǊ ǘƘƛƴƪƛƴƎ ǘƻ ƻǘƘŜǊǎ ŀƴŘ ǊŜǎǇƻƴŘ ǘƻ ƻǘƘŜǊǎΩ 
thinking. 
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ÅHow can we encourage students to reason 
abstractly and quantitatively? 

ÅHow can we support students in explaining 
their thinking and examining the thinking of 
others ? 



Problem #2 

 

 

 



Problem #2 

Problem Strings 

9x30 

15x 18 

4 ½x 60 

2 ¼ x 120 

15x 36 

15 ½ x 36 

15½ x 4½ 
 

 

 

 





 
Modeling and using tools 

 (what teachers do)  

 4. Model with mathematics. 
Å Provide problem situations that apply to everyday life. 

Å Provide rich tasks that focus on conceptual understanding, relationships, etc. 

 

5. Use appropriate tools strategically. 
Å Provide a variety of tools and technology for students to explore to deepen 

their understanding of math concepts. 

Å Provide problem solving tasks that require students to consider a variety of 
tools for solving. (Tools might include pencil/paper, concrete models, empty 
number line, ruler, calculator, etc.) 



Modeling and using tools 
4. Model with mathematics. 
Å Students experiment with representing problem situations in multiple ways 

including numbers, words (mathematical language), drawing pictures, using 
objects, making a chart, list, or graph, creating equations, etc. Students need 
opportunities to connect the different representations and explain the 
connections. They should be able to use all of these representations as needed. 
Fifth graders should evaluate their results in the context of the situation and 
whether the results make sense. They also evaluate the utility of models to 
determine which models are most useful and efficient to solve problems. 

5. Use appropriate tools strategically. 
Å Fifth graders consider the available tools (including estimation) when solving a 

mathematical problem and decide when certain tools might be helpful. For 
instance, they may use unit cubes to fill a rectangular prism and then use a 
ruler to measure the dimensions. They use graph paper to accurately create 
graphs and solve problems or make predictions from real world data. 
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Problem #3 

Volume = Length x Width x Height 

 

Calculate the volume of this figure.  



What tools and situations can we 
provide which encourage 

modeling for thinking and of 
thinking? 

 

 



Problem #3 Children must figure 

out for themselves, 

in their own ways. 

(New Zealand Maths, Boxing On) 

The Meter Cube problem:  
   

1.Using a meter ruler, rolled up newspaper, and tape make a skeleton cube with edges of one 

meter.  

2.How many large place-value block cubes (1000 cm3) would fill the meter cube?  

3.How many flats, longs and small cubes would fill the cubic meter?  

4.How can you be sure? Share your thinking on chart paper. Be ready to explain your thinking.  
  

 

The Air Space Problem: 
 
 

1.Use the newspaper cubic meters that you made in station four to help you in this activity.  

2.Your classroom needs a new heating/cooling  machine to keep the class warm in winter and 

cool in summer. It is important to find out how many cubic meters of air space there are in your 

classroom so that the correct machine can be bought. Work out the air space of your classroom 

in cubic meters and write a short report to your principal explaining how you worked it out. As 

extension you might work out the air space of the hall. How many times would your classroom 

fit into the hall?  
 



 
Children must figure out for 

themselves, in their own ways. 

 

Thank you, Krystal, Graham, and Henry 

County! 

Mackenzie burns 

220 calories a day 

running home from 

school. How many 

calories will she 

burn in 5 days?  



Seeing structure and generalizing 
(what teachers do) 

7. Look for and make sense of structure. 
Å Provide opportunities and time for students to explore patterns and 

relationships to solve problems. 

Å Provide rich tasks and facilitate pattern seeking and understanding of 
relationships in numbers rather than following a set of steps and/or 
procedures. 

 

8.  Look for and express regularity in repeated reasoning. 
Å Provide problem situations that allow students to explore regularity and 

repeated reasoning.  

Å Provide rich tasks that encourage students to use repeated reasoning to 
form generalizations and provide opportunities for students to 
communicate these generalizations. 

 



Seeing structure and generalizing 
7. Look for and make sense of structure. 

Å In fifth grade, students look closely to discover a pattern or 
structure. For instance, students use properties of operations as 
strategies to add, subtract, multiply and divide with whole 
numbers, fractions, and decimals. They examine numerical 
patterns and relate them to a rule or a graphical representation.  

8.  Look for and express regularity in repeated reasoning. 

Å Fifth graders use repeated reasoning to understand algorithms and 
make generalizations about patterns. Students connect place value 
and their prior work with operations to understand algorithms to 
fluently multiply multi-digit numbers and perform all operations 
with decimals to hundredths. Students explore operations with 
fractions with visual models and begin to formulate generalizations. 
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How is this different from what 
we used to think? 

What are patterns in mathematics? 

How can make them explicit and generalizable? 

ÅSubitization and quantity (number follows a pattern) 

ÅVisual representations (useful for multiple processes) 

ÅProperties of operations (commutative, distributive, 
associative, identity) (ideas that generalize) 

ÅDoubling/halving (strategies that generalize) 

Å0-99 chart/ number lines/ array models (tools that generalize) 

ÅBenchmark (friendly) numbers (idea that generalizes) 

ÅSpatial patterns (features that generalize) 
Patterning is the search for regularity and structure 



Problem #4 

Continue the pattern: 

144÷1=144 

144÷10=14.40 

144÷100=__ 

9ǘŎΧ 
(and what about relational equality?)  

 



Problem #4 
²ƘŀǘΩǎ ǘƘŜ ǇǊƻōƭŜƳΚ 

Å64 + 325 = 3.89 

Å48 + 327 + 122 = 20.27 

Å42.13 = 272 + 143 + 135 

Å1821 + 74 + 109 + 24 = 29.1 

Å2367 ς 211 = 21.56 

Å493.74 = 4974 ς 366 

Å321 ς 158 + 6739 = 69.02 

 




