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OVERVIEW  

 

In this unit students will:  

¶ Review exponential functions and their graphs 

¶ Explore exponential growth 

¶ Develop the concept of a logarithm as an exponent along with the inverse relationship 

with exponents 

¶ Define logarithms and natural logarithms 

¶ Develop the change of base formula 

¶ Develop the concept of logarithmic function 

¶ Solving problems relating to exponential functions and logarithms 

 

Although the units in this instructional framework emphasize key standards and big ideas 

at specific times of the year, routine topics such as estimation, mental computation, and basic 

computation facts should be addressed on an ongoing basis. Ideas related to the eight process 

standards should be addressed constantly as well. To assure that this unit is taught with the 

appropriate emphasis, depth, and rigor, it is important that the tasks listed under ñEvidence of 

Learningò be reviewed early in the planning process. A variety of resources should be utilized to 

supplement this unit. This unit provides much needed content information, but excellent learning 

activities as well. The tasks in this unit illustrate the types of learning activities that should be 

utilized from a variety of sources. 

 

STANDARDS ADDRESSED IN THIS UNIT 

Mathematical standards are interwoven and should be addressed throughout the year in as many 

different units and activities as possible in order to emphasize the natural connections that exist 

among mathematical concept and topics.  

 

KEY STANDARDS 
 

Write expressions in equivalent forms to solve problems 

 

MGSE9-12.A.SSE.3 Choose and produce an equivalent form of an expression to reveal and 

explain properties of the quantity represented by the expression. (Limit to exponential and 

logarithmic functions.) 

 

MGSE9-12.A.SSE.3c Use the properties of exponents to transform expressions for exponential 

functions. For example, the expression 1.15t , where t is in years, can be rewritten as 

[1.15(1/12)] (12t) å 1.012(12t) to reveal the approximate equivalent monthly interest rate if the annual 

rate is 15%. 
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Analyze functions using different representations 

 

MGSE9-12.F.IF.7 Graph functions expressed algebraically and show key features of the graph 

both by hand and by using technology. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.IF.7e Graph exponential and logarithmic functions, showing intercepts and end 

behavior, and trigonometric functions, showing period, midline, and amplitude. 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

Build new functions from existing functions 

 

MGSE9-12.F.BF.5 Understand the inverse relationship between exponents and logarithms and 

use this relationship to solve problems involving logarithms and exponents.  
 

Construct and compare linear, quadratic, and exponential models and solve problems 

 

MGSE9-12.F.LE.4 For exponential models, express as a logarithm the solution to ab(ct) = d 

where a, c, and d are numbers and the base b is 2, 10, or e; evaluate the logarithm using 

technology. 

 

Standards for Mathematical Practice 

Refer to the Comprehensive Course Overview for more detailed information about the 

Standards for Mathematical Practice. 

 

1. Make sense of problems and persevere in solving them. 

 

2. Reason abstractly and quantitatively. 

 

3. Construct viable arguments and critique the reasoning of others.  

 

4. Model with mathematics. 

 

5. Use appropriate tools strategically. 

 

6. Attend to precision.  
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7. Look for and make use of structure. 

 

8.   Look for and express regularity in repeated reasoning. 

ENDURING UNDERSTANDINGS 

¶ There is an inverse relationship between exponents and logarithms.   

¶ Logarithms can be used to solve exponential equations.   

¶ An exponential equation can be written as a logarithmic equation; a logarithmic equation 

can be written as an exponential equation.   

¶ Two special logarithmic functions are the common logarithmic function and the natural 

logarithmic function. These special functions occur often in nature.  

¶ Common logarithms and natural logarithms can be used to evaluate logarithms with bases 

other than 10 or Ὡ. 
 

 

ESSENTIAL QUESTIONS 

¶ What does exponential growth mean?  What does exponential decay mean? 

¶ What are the characteristics of the graph of an exponential function? 

¶ Why are logarithms important? 

¶ What are the characteristics of the graph of a logarithmic function? 

¶ How are logarithms used to solve equations? 

¶ What is the meaning of half-life? 

¶ What kinds of situations are represented by an exponential function? 

¶ What are some real-world applications of logarithmic functions? 

 

CONCEPTS/SKILLS TO MAINTAIN  

 

It is expected that students will have prior knowledge/experience related to the concepts and 

skills identified below.  It may be necessary to pre-assess in order to determine if time needs to 

be spent on conceptual activities that help students develop a deeper understanding of these 

ideas.   

 

 

1. The concept of a function  

2. Various representations of functions 

3. Exponential functions and characteristics of their graphs  

4. The solution of linear equations using algebra and graphing approaches 

5. Familiarity with graphing technology 

6. Use patterns to write a function to model a situation 

***It is MUCH EASIER to convince students of exponential and logarithmic functions being 

inverses of one another if students have a firm grasp and quick recall of some integer bases and 
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exponents.  A chart and some quick quizzes are included in this unit for teachers to use (in order) 

to allow the meaning of a logarithm to be a slow dawning on students rather than throwing the 

idea out all at once.  

 

NOTE TO TEACHER:  

 

The development of a logarithm as the inverse of an exponential equation is typically very 

difficult -just as subtraction is harder than addition and multiplication is easier than division.  A 

full and complete understanding of addition facts is needed to be able to understand subtraction.  

Furthermore, quick access to addition facts enhances understanding of subtraction.  The same is 

true for multiplication and division-quick recall of multiplication facts is extremely helpful to 

learn division.   While there is no ñmagic bulletò for teaching logarithms, the development of the 

concept will be much easier if students have at their command quick reference and recall to the 

exponential facts.  At the conclusion of this unit, you will find examples of exponent charts and 

exponent quizzes that slowly build the logarithm understanding without even using the word, 

ñlogarithm.ò  These are provided for your convenience and are suggested as openers or tickets 

out the door for at least the first half of this unit, if not all the way through.   

 

SELECTED TERMS AND SYMBOLS  

 
The following terms and symbols are often misunderstood. These concepts are not an 

inclusive list and should not be taught in isolation. However, due to evidence of frequent 

difficulty and misunderstanding associated with these concepts, instructors should pay particular 

attention to them and how their students are able to explain and apply them. 

The definitions below are for teacher reference only and are not to be memorized by the 

students. Students should explore these concepts using models and real life examples. 

Students should understand the concepts involved and be able to recognize and/or 

demonstrate them with words, models, pictures, or numbers. 

The websites below are interactive and include a math glossary suitable for middle school 

children. Note ï At the high school level, different sources use different definitions. Please 

preview any website for alignment to the definitions given in the frameworks. 

 

http://intermath.coe.uga.edu/dictnary/homepg.asp 

Definitions and activities for these and other terms can be found on the Intermath website. 

Intermath is geared towards middle and high school students. 

 

¶ Asymptote: An asymptote is a line or curve that approaches a given curve arbitrarily 

closely.  A graph never crosses a vertical asymptote, but it may cross a horizontal or 

oblique asymptote. 

 

http://intermath.coe.uga.edu/dictnary/homepg.asp
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¶ Common logarithm: A logarithm with a base of 10. A common logarithm is the 

exponent, a, such that 10a = b. The common logarithm of x is written log x. For example, 

log 100 = 2 because 102 = 100. 

 

¶ Continuously compounded interest: Interest that is, theoretically, computed and added 

to the balance of an account each instant. The formula is A = Pert, where A is the ending 

amount, P is the principal or initial amount, r is the annual interest rate, and t is the time 

in years. 

 

¶ Compounded interest: A method of computing the interest, after a specified time, and 

adding the interest to the balance of the account. Interest can be computed as little as 

once a year to as many times as one would like. The formula is ὃ ὖρ where A 

is the ending amount, P is the principal or initial amount, r is the annual interest rate, n is 

the number of times compounded per year, and t is the number of years.   

 

¶ Exponential functions: A function of the form  ώ ὥ where ὥ π   and   ὥ ρ. 
 

¶ Logarith mic functions: A function of the form ώ ÌÏÇὼ with b ̧  1 and b and x both 

positive. A logarithmic function is the inverse of an exponential function. The inverse of 

y = bx is ώ ÌÏÇὼ. 
 

¶ Logarithm:  The logarithm base b of a number x, ÌÏÇὼ, is the exponent to which b must 

be raised to equal x. 

 

¶ Natural exponential: Exponential expressions or functions with a base of e; i.e.,  y = ex. 

 

¶ Natural logarithm:  A logarithm with a base of e.   ὰὲὦ is the exponent, a, such that ea = 

b. The natural logarithm of x is written ln x and represents ÌÏÇὼ.  For example, ln 8 = 

2.0794415é because e2.0794415é= 8. 

 

EVIDENCE OF LEARNING  

 

By the conclusion of this unit, students should be able to demonstrate the following 

competencies: 

1.  Identify the characteristics of the graphs of exponential functions and logarithmic functions. 

2. Use logarithms to solve exponential equations. 

3. Understand that logarithms and exponential equations connect the same numeric data 

inversely.  

4. Given an exponential equation, write the corresponding logarithmic equation; given a 

logarithmic equation, write the corresponding exponential equation. 

5. Given a situation that can be modeled with an exponential function or logarithmic function, 

write the appropriate function and use it to answer questions about the situation. 
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FORMATIVE ASSESSMENT LESSONS (FAL) 

Formative Assessment Lessons are intended to support teachers in formative assessment. They 

reveal and develop studentsô understanding of key mathematical ideas and applications. These 

lessons enable teachers and students to monitor in more detail their progress towards the targets 

of the standards. They assess studentsô understanding of important concepts and problem solving 

performance, and help teachers and their students to work effectively together to move each 

studentôs mathematical reasoning forward. 

More information on Formative Assessment Lessons may be found in the Comprehensive 

Course Overview. 

SPOTLIGHT TASKS  

A Spotlight Task has been added to each GSE mathematics unit in the Georgia resources for 

middle and high school.  The Spotlight Tasks serve as exemplars for the use of the Standards for 

Mathematical Practice, appropriate unit-level Georgia Standards of Excellence, and research-

based pedagogical strategies for instruction and engagement. Each task includes teacher 

commentary and support for classroom implementation.  Some of the Spotlight Tasks are 

revisions of existing Georgia tasks and some are newly created.  Additionally, some of the 

Spotlight Tasks are 3-Act Tasks based on 3-Act Problems from Dan Meyer and Problem-Based 

Learning from Robert Kaplinsky. 
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TASKS 
The following tasks represent the level of depth, rigor, and complexity expected of all Algebra 

II/Advanced Algebra students.  These tasks, or tasks of similar depth and rigor, should be used to 

demonstrate evidence of learning.  It is important that all elements of a task be addressed 

throughout the learning process so that students understand what is expected of them.  While 

some tasks are identified as a performance task, they may also be used for teaching and learning 

(learning/scaffolding task). 

 

Task Name Task Type 

Grouping Strategy 
Content Addressed 

SMPs 

Addressed 

Investigating 

Exponential Growth 

and Decay 

Scaffolding Task 

Individual/Partner 

Understand the concept of a 

function 

Interpret functions that arise in 

applications in terms of the 

context 

Analyze functions using 

different representations 

1,2,3,4,5 

Graphs of Exponential 

Functions 
Scaffolding Task 

Partner/Small Group 

Analyze functions using 

different representations 

Graph exponential functions 

expressed symbolically and 

show key features of the graph 

2,3,5,8 

Zombie Apocalypse 

Simulation (Spotlight 

Task) 

Scaffolding Task 

Partner 

Understand the nature of 

exponential growth, and what 

makes a base of a function, 

write the equation of the 

exponential function and 

explore limits to exponential 

growth 

1-8 

Bacteria in the 

Swimming Pool 
Scaffolding Task 

Partner/Small Group 

Interpret functions that arise in 

applications in terms of context 

Analyze functions using 

different representations 

Build a function that models a 

relationship between two 

quantities 

2,3,4,5,8 

What is a Logarithm? 

(Spotlight Task) 
Scaffolding Task 

Partner/Small Group 

Write expressions in equivalent 

forms 
2,3,4,5,6,7 
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Evaluating Logarithms 

that are not Common 

or Natural  

Scaffolding Task 

Partner/Small Group 

Write expressions in equivalent 

forms 
1-8 

The Logarithmic 

Function 
Scaffolding Task 

Partner/Small Group 

Analyze functions using 

different representations 

Graph logarithmic functions 

expressed symbolically and 

show key features of the graph 

2,3,4,5,7 

How Long Does It 

Take? 
Performance Task 

Partner/Small Group 

Write expressions in equivalent 

forms 

Understand the concept of a 

function and use function 

notation 

Interpret functions that arise in 

applications in terms of the 

context 

Analyze functions using 

different representations 

Construct exponential models 

and solve problems 

1-8 

Zombies Revisited 

(Spotlight Task) Scaffolding Task 

Represent ñreal-lifeò situation 

with exponential equation and 

then solve these equations 

graphically. 

1-8 

Half -Life  Scaffolding Task 

Partner/Small Group 

Write expressions in equivalent 

forms 

Understand the concept of a 

function and use function 

notation 

Interpret functions that arise in 

applications in terms of the 

context 

Analyze functions using 

different representations 

Construct exponential models 

and solve problems 

1-8 

How Does Your Money 

Grow? 
Performance Task 

Partner/Small Group 

Write expressions in equivalent 

forms 

Understand the concept of a 

1-8 
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function and use function 

notation 

Interpret functions that arise in 

applications in terms of the 

context 

Analyze functions using 

different representations 

Construct exponential models 

and solve problems 

Applications of 

Logarithmic Functions 
Performance Task 

Partner/Small Group 

Write expressions in equivalent 

forms 

Understand the concept of a 

function and use function 

notation 

Interpret functions that arise in 

applications in terms of the 

context 

Analyze functions using 

different representations 

Construct logarithmic models 

and solve problems 

1-8 

Newtonôs Law of 

Cooling-Coffee, 

Donuts, and Corpses 

(Spotlight Task) 

Performance 

(Spotlight Task) 

Partner/Small Group 

Tasks 

Write expressions in equivalent 

forms 

Interpret functions that arise in 

applications in terms of context 

Analyze functions using 

different representations 

Construct logarithmic models 

and solve problems 

1-8 

 Graphing Logarithmic 

and Exponential 

Functions (FAL) 

Formative 

Assessment Lesson 

Pairs 

Graph Exponential and 

Logarithmic Equations and 

Identify the Key features of 

each. 

1,2,3,6 

John and Leonhard at 

the Café Mathematica 
Learning/Performance 

Individual/Partner 

Create and analyze models of 

scenarios using exponential 

and logarithmic functions 

1-8 

Culminating Task:  

Jasonôs Graduation 

Culminating Task 

Partner/Small Group 

Write expressions in equivalent 

forms 

Understand the concept of a 

1-8 
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Present function and use function 

notation 

Interpret functions that arise in 

applications in terms of the 

context 

Analyze functions using 

different representations 

Construct exponential models 

and solve problems 

 

An end of unit balanced assessment with some constructed response, multiple choice, and 

technology modeling activities should be administered to thoroughly assess mastery of the 

standards in this unit. 
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Investigating Exponential Growth and Decay   Back to Task Table 

 

Mathematical Goals 

Develop the concepts of exponential growth and decay through a visual model 

 

Georgia Standards of Excellence 

MGSE9-12.A.SSE.3c Use the properties of exponents to transform expressions for exponential 

functions. For example, the expression 1.15t , where t is in years, can be rewritten as 

[1.15(1/12)] (12t) å 1.012(12t) to reveal the approximate equivalent monthly interest rate if the annual 

rate is 15%. 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

 

Introduction  

This task gives students a visual way to experience exponential growth and decay.  Two things 

are going on in this task:  As you continue to fold the paper, the process shows a simultaneous 

exponential growth (the number of sections) and exponential decay (the area of one of the 

sections).   However, this task is also located in Coordinate Algebra, Unit 1.  For that reason, 

another exponential growth/decay task is included after this task.  Do not hesitate to ask students 

if they recall doing the Paper Folding task.  If they didnôt do it or donôt remember it, it is elegant 

in its simplicity.  But if they do remember it still, moving to the other demonstration of 

exponential functions would be advisable. 

 

Materials 

¶ Large sheet of rectangular paper for folding
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Investigating Exponential Growth and Decay 
 

1. Take a large rectangular sheet of paper and fold it in half. You now have two equal sized 

sections each with an area that is half the original area. 

 

2. Fold the paper in half again. How many sections of paper do you have? What is the area of 

each section compared to the area of the original piece of paper?    

 

Area is ¼ the area of the original piece of paper.  

 

Continue this process until you cannot fold the paper anymore. Fill in the table below as you 

go. 

Number of Folds 0 1 2 3 4 5 

Number of Sections 
1 2 4 8 16 32 

Area of each section 

compared to area of 

original paper 

1 ρ

ς
 

ρ

τ
 

ρ

ψ
 

ρ

ρφ
 

ρ

σς
 

 

3. The relationship between the number of folds and the number of sections is a function.  

Why?      For each number of folds there is a unique number of sections. 

 

What is the domain of this function?  {0, 1, 2, 3, 4, é}   

 

On graph paper let the horizontal axis represent the number of folds.  Let the vertical axis 

represent the number of sections.  Plot the points (# of folds, # of sections).    

 

Does it make sense to connect these points with a smooth curve?  Why or why not?  

 

In the context of this problem, it does not make sense to connect the points.  The domain 

is the set of whole numbers so only points that have x-coordinates that are whole 

numbers will be included.   

  

Write the function  f  for the number of sections of paper you will have after x folds. 

 

Ὢὼ ς 

 

Use your function to determine the number of sections you would have if you were able 

to fold the paper 15 times.  

 

Ὢρυ ς  = 32768 sections 
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The function f is an example of exponential growth. What do you notice about the table, 

equation, and graph of an exponential growth function? 

 

4. The relationship between the number of folds and the area of a section is a function.  

Why?      For each number of folds there is a unique number that represents the area of a 

section. 

 

What is the domain of this function?  {0, 1, 2, 3, 4, é}   

 

Now plot the points (# of folds, section area).  Let the horizontal axis represent the 

number of folds; let the vertical axis represent the area of the section created.     

 

 

Does it make sense to connect these points with a smooth curve?  Why or why not?   

In the context of this problem, it does not make sense to connect the points.  The domain 

is the set of whole numbers so only points that have x-coordinates that are whole 

numbers will be included.   

 

Write the function g  for the section area you will have after x folds. 

Ὣὼ
ρ

ς
 

Use your function to determine the area of a section as compared to the area of the 

original paper if you were able to fold the paper 15 times.  

The area is 
15

1

2
 of the area of the original piece of paper.   

 

The function g  for the area of a section is an example of exponential decay. What do you 

notice about the table, equation, and graph of an exponential decay function?  

 

As the independent variable increases in value the dependent variable decreases in value 

but not at a constant rate.  Furthermore, as the independent variable approaches infinity, 

the dependent variable approaches a constant value.    
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Investigating Exponential Growth and Decay  

 
1. Take a large rectangular sheet of paper and fold it in half. You now have two equal sized 

sections each with an area that is half the original area. 

 

2. Fold the paper in half again. How many sections of paper do you have? What is the area of 

each section compared to the area of the original piece of paper? 

 

Continue this process until you cannot fold the paper anymore. Fill in the table below as 

you go. 

 

Number of Folds  0 1 2 3 4 5 

Number of Sections  
      

Area of each section 

compared to area of 

original paper 

      

 

3. The relationship between the number of folds and the number of sections is a function.  

Why?       

 

What is the domain of this function? 

 

On graph paper let the horizontal axis represent the number of folds.  Let the vertical axis 

represent the number of sections.  Plot the points (# of folds, # of sections).    

 

Does it make sense to connect these points with a smooth curve?  Why or why not?  

 

  

Write the function f for the number of sections of paper you will have after x folds. 

 

Use your function to determine the number of sections you would have if you were able 

to fold the paper 15 times.  

 

 

The function f  is an example of exponential growth. What do you notice about the table, 

equation, and graph of an exponential growth function? 
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4. The relationship between the number of folds and the area of a section is a function.  

Why?       

 

 

What is the domain of this function? 

 

Now plot the points (# of folds, section area).  Let the horizontal axis represent the 

number of folds; let the vertical axis represent the area of the section created.     

 

 

Does it make sense to connect these points with a smooth curve?  Why or why not?   

 

 

Write the function g  for the section area you will have after x folds. 

 

Use your function to determine the area of a section as compared to the area of the 

original paper if you were able to fold the paper 15 times.  

 

 

The function g  for the area of a section is an example of exponential decay. What do you 

notice about the table, equation, and graph of an exponential decay function?  
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Graphs of Exponential Functions     Back to Task Table 
 

Mathematical Goals 

Graph exponential functions 

Identify the characteristics of an exponential function 

 

Georgia Standards of Excellence 

MGSE9-12.F.IF.7 Graph functions expressed algebraically and show key features of the graph 

both by hand and by using technology. (Limit to exponential and logarithmic functions.) 

 

Investigating Exponential Growth and Decay 

Graph exponential and logarithmic functions, showing intercepts and end behavior. 

 

Standards for Mathematical Practice 

1. Reason abstractly and quantitatively. 

2. Construct viable arguments and critique the reasoning of others. 

3. Use appropriate tools strategically. 

4. Look for and make use of structure. 

 

Introduction  

In this task students graph a variety of exponential functions to determine the characteristics of 

these functions. 

 

Materials 

Graphing calculator or some other graphing utility 
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In Coordinate Algebra and Algebra I one of the functions studied was the exponential function.  

By definition an exponential function is ώ ὥ where ὥ π and ὥ ρ. An exponential 

function returns powers of a base number a.  The input of the exponential function is the 

exponent and the output is the number obtained when the base number is raised to that exponent.     

 

1. For each function given, represent the function as a table and then use these points to graph 

the function on graph paper. 

 

a. ώ ς 

b. ώ σ 

c. ώ τ 

d. ώ ρπ 

 

2. What common characteristics of these functions do you see?  In particular, determine the 

domain and range of the functions and any intercepts.  Also describe any characteristics of 

their graphs such as increasing/decreasing, asymptotes, end-behavior, etc.  

  

For each function the domain is all real numbers and the range is positive real numbers.  

The y-intercept for each is (0,1).  There is no x-intercept.  The functions are increasing 

throughout.  There is an asymptote of y = 0.  As x becomes infinitely small, y is positive 

but approaches 0 in value.  As x becomes infinitely large, y also becomes infinitely large.   

   

How does the graph of the exponential function change as the base a  changes? 

 

As a increases, the graph increases more quickly.   

 

3. The symbol Ὡ represents the irrational number 2.718281828é.   Recall an irrational number 

is represented by a non-terminating, non-repeating decimal number.  Ὡ is one of those 

important numbers in mathematics like ́  that keeps showing up in all kinds of places.  ώ
Ὡ is the natural exponential function.   

 

Use graphing technology to graph ώ ς, ώ σ, and ώ Ὡ.  How do their graphs 

compare?  What do you notice about the graph of ώ Ὡ in relationship to the graphs of ώ
ς   and   ώ σ? 

 

The graph of  ώ Ὡ lies between the graphs of ώ ς   and   ώ σ. 

 

4. Use graphing technology to graph each function.   

a. ώ ς  

b. ώ σ  

c. ώ τ  

d. ώ ρπ  

 

5. How do these graphs compare to those in part (1) above?  Use what you know about 
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transformations of functions to explain the relationship between the graphs of ώ ς  and 

ώ ς .   

The graphs are reflections over the y-axis of the graphs in part (1).   

 

6. Does the same relationship hold for ώ σ and ώ σ ?  For ώ τ and ώ τ ?  In 

general, what is the relationship between the graphs of ώ ὥ and ώ ὥ ?   

Yes, the same relationship holds.  The graphs of  ώ ὥ  and ώ ὥ  are reflections over 

the y-axis of each other. 

 

7. Graph ώ .  Compare its graph to ώ ς .  What do you observe?   

These graphs are the same. 

Use properties of exponents to explain the relationship between and   ς .    

 

=  ς   = ς  

 

Do your observations about the graphs of  ώ  and  ώ ς  now make sense? 

 

Since and   ς  are equal, then the graphs of  ώ  and  ώ ς  should certainly 

be equal. 

 

8. Graph ώ ς σ.  How does this graph compare to that of ώ ς?   

 

 The graph of ώ ς σ is shifted up 3 units from the graph of  ώ ς. 

 

Based on what you know about transformations of functions, describe in words how  

ώ ς σ  transforms the graph of the parent function ώ ς.   

 

 ώ ς σ  vertically translates  ώ ς up 3 units . 

 

Discuss what you notice about the domain, range, intercepts, and asymptote of  

ώ ς σ. 
The domain is all real numbers but the range is y > 3.  The asymptote is y = 3 and the y-

intercept is (0, 4).   

9. Graph ώ ς .  How does this graph compare to that of ώ ς?   

 

Graph has been shifted 5 units to the right.   

 

Based on what you know about transformations of functions, describe in words how  

ώ ς   transforms the graph of the parent function ώ ς.    

ώ ς   horizontally translates the graph o f ώ ς  5 units to the right. 
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Discuss what you notice about the domain, range, intercepts, and asymptote of ώ ς . 

 

 Domain is all real numbers.  Range is y  > 0.  Read from the graph we find the y-intercept is 

(0, .03125).  Asymptote is y = 0. 

 

10. The exponential function ώ ὥ is defined for all real numbers ὥ π and ὥ ρ.  
a. Why do you think the function is not defined for bases that are negative real numbers?   

Often to determine why something cannot be true, it helps to see what would happen if it 

were true!!  Soéexplore what would happen for negative values of ὥ; for example, see 

what would happen if ὥ ςȢ   Set up a table of values to see if you can determine a 

reasonable explanation for why the base is not allowed to be negative in an exponential 

function.   

 

For a < 0, there would be x values for which the function is defined.  For example, if x = 

½,  the value of y is undefined since the square root of a negative number is not a real 

number.   

 

b. Why do you think the function is not defined for a base of 0 or a base of 1?  Explore the 

functions ώ ὥ for ὥ π  and  ὥ ρ.  Can you offer a reasonable explanation for 

excluding values of 0 and 1 for the base of an exponential function? 

 

For  a = 0, the function is the constant linear function y = 0 (for x Í 0) ; for a = 1, the 

function is the constant linear function y = 1.   
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Graphs of Exponential Functions 
In Coordinate Algebra one of the functions studied was the exponential function.  By 

definition an exponential function is ώ ὥ where ὥ π and ὥ ρ. An exponential 

function returns powers of a base number a.  The input of the exponential function is the 

exponent and the output is the number obtained when the base number is raised to that 

exponent.     

 

1. For each function given, represent the function as a table and then use these points to 

graph the function on graph paper. 

 

a. ώ ς 

b. ώ σ 

c. ώ τ 

d. ώ ρπ 

 

2. What common characteristics of these functions do you see?  In particular, determine the 

domain and range of the functions and any intercepts.  Also describe any characteristics 

of their graphs such as increasing/decreasing, asymptotes, end-behavior, etc.   

 

 

 

How does the graph of the exponential function change as the base a  changes? 

 

 

 

3. The symbol Ὡ represents the irrational number 2.718281828é.   Recall an irrational 

number is represented by a non-terminating, non-repeating decimal number.  Ὡ is one of 

those important numbers in mathematics like  ́that keeps showing up in all kinds of 

places.  ώ Ὡ is the natural exponential function.   

 

Use graphing technology to graph ώ ς, ώ σ, and ώ Ὡ.  How do their graphs 

compare?  What do you notice about the graph of ώ Ὡ in relationship to the graphs of 

ώ ς   and   ώ σ? 

 

 

 

4. Use graphing technology to graph each function.   

a. ώ ς  

b. ώ σ  

c. ώ τ  

d. ώ ρπ  
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5. How do these graphs compare to those in part (1) above?  Use what you know about 

transformations of functions to explain the relationship between the graphs of ώ ς  

and ώ ς .   

 

 

 

6. Does the same relationship hold for ώ σ and ώ σ ?  For ώ τ and ώ τ ?  In 

general, what is the relationship between the graphs of ώ ὥ and ώ ὥ ?   

 

 

 

7. Graph ώ .  Compare its graph to ώ ς .  What do you observe?   

 

 

Use properties of exponents to explain the relationship between and   ς .    

 

 

 

Do your observations about the graphs of  ώ  and  ώ ς  now make sense? 

 

 

8. Graph ώ ς σ.  How does this graph compare to that of ώ ς?   

 

 

Based on what you know about transformations of functions, describe in words how  

ώ ς σ  transforms the graph of the parent function ώ ς.   

 

 

Discuss what you notice about the domain, range, intercepts, and asymptote of ώ ς σ. 
 

 

9. Graph ώ ς .  How does this graph compare to that of ώ ς?   

 

 

Based on what you know about transformations of functions, describe in words how  

ώ ς   transforms the graph of the parent function ώ ς.   

 

 

Discuss what you notice about the domain, range, intercepts, and asymptote of ώ ς . 
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10. The exponential function ώ ὥ is defined for all real numbers ὥ π and ὥ ρ.  
a. Why do you think the function is not defined for bases that are negative real numbers?   

Often to determine why something cannot be true, it helps to see what would happen if it 

were true!!  Soéexplore what would happen for negative values of ὥ; for example, see what 

would happen if ὥ ςȢ   Set up a table of values to see if you can determine a reasonable 

explanation for why the base is not allowed to be negative in an exponential function.   

 

 

 

b. Why do you think the function is not defined for a base of 0 or a base of 1?  Explore the 

functions ώ ὥ for ὥ π  and  ὥ ρ.  Can you offer a reasonable explanation for 

excluding values of 0 and 1 for the base of an exponential function? 
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Zombie Apocalypse Simulation (Spotlight Task)   Back to Task Table 
 

Mathematical Goals 

Develop the concepts of exponential growth through a visual model, as well as understand the 

magnitude of exponential growth and the idea of exponential compounding. 

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

 

 

Georgia Standards of Excellence 

 

MGSE9-12.A.SSE.3 Choose and produce an equivalent form of an expression to reveal and 

explain properties of the quantity represented by the expression. (Limit to exponential and 

logarithmic functions.) 

 

Analyze functions using different representations 

MGSE9-12.F.IF.7 Graph functions expressed algebraically and show key features of the graph 

both by hand and by using technology. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

 

Introduction  

This task gives students a visual way to experience exponential growth, as well as graphing 

exponential equations.  The fast increase in the rate of growth is explored, as is a beginning of 

the ñCompound Interestò idea in that the original amount (principal) remains PLUS additional.  

The comparison of large vs. small beans as ñZombiesò allows them to speculate as to how the 

relative size of the ñzombieò 

 

Materials 

¶ Dried Pinto Beans and Dried Beans of at least two other types  
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¶ Pan or Paper Box Lid (one per pair) 

¶ Cups-2 per pair of students 
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Zombie Apocalypse Simulation  
 

Say to students: 

You have been placed into pairs for this activity.  You should have a box lid/pan on your desk 

and two cups.  In one of those cups, you should see normal dried pinto beans.  Each of those 

beans represents a healthy member of the human population.  Each group also has an empty 

cup.  Take the empty cup and come choose a second type of bean.  You can choose Giant Lima 

Beans, tiny Adzuki Beans, Lentils, or Kidney Beans.  It doesnôt matter.  But your second cup will 

contain only one type.  

 

For this activity, you will need at least two different types of dried  

beans.  Kidney beans of two colors are good, but you may want to consider using several 

different types of beans.  While each student or pair of students would only get two types, the 

different types of beans leads to richer discussion.  For instance, if every group got pinto beans 

to represent the non-diseased population, but one group got giant lima beans to represent 

disease, another group got black beans to represent disease, and another group got kidney 

beans, the discussions would be far richer.   

Materials:  

Beans of at least two different types (not mixed togetheréseparated by type)-enough for each 

group to get two cups ïeach of different type-would be easier for teacher if the beans are in 

containers that the beans can be easily poured into, and also that the cups fit into and can scoop 

from easily to facilitate quick setup and cleanup. 

 

 

At exactly 8am, a Zombie staggers into a building of healthy, disease free people and begins to 

infect others.  It takes a normal, disease-free person four hours to turn into a Zombie once bitten.  

There is actually a Pentagon Action plan for ñZombie Apocalypse.òRead below.  The Zombie 

analogy was used by the Pentagot to counter any sort of exponentially-increasing threat.  

Zombiefication was a tongue-in-cheek look at a very real possibility in terms of disease, 

biological warfare, Social Media bandwagon threats (which arguably has played major role in 

the overthrow of many world governments very recently) or propagation of cyber attacks.  The 

text is below-students will appreciate the levity! 

 

In this exploration, you will use a model to examine the spread of the Zombie pathogen.  You 

will need a cup of pinto beans which represents people and a cup of another type of beans which 

represents zombies. 

Procedure: You may change the bean types listed below if you happen to have different types. 

Pour the dried pinto beans in a flat box.  Each pinto bean represents a healthy, disease-free 

individual. Try to encourage a variety of types of beans if you can to create more interesting 

discussion later.  

Place one dried white bean in the container.  This bean represents a Zombie.  This is time t=0, 

where b(x)=1 and z(x)=1.  Gently shake the container.  They are stirring it up each time so that 

the Zombies are not bunched together.  Pat the beans down so there is only one layer.  Any pinto 

bean that is within 1 mm of the white bean has been bitten by the Zombie. The thickness of a 

dime is about 1.35 mm.  So if they could not squeeze a dime in between the Zombie bean and the 
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Pintoéthe Pinto is bitten. Replace the newly-bitten pintos with a white Zombie bean, because 

thatôs what happens when you are bitten-you turn into a zombie.  Count the number of white 

beans in the container. The number of new white beans is the number of bites, and the total 

number of white beans is the number of zombies See the blue photo example below.  Student 

answers will be different based on the type of beans and luck of the Shake.  Write this number in 

the appropriate column of Table 1. 

 
 

 

(This table is sample data.  The data will varyé) 

TABLE 1:  Simulated Spread of a Disease 

Shake Number (x) Number of Bites  (b(x)) Number of Zombies (z(x)) 

(8:00  am)   0 0 1 

(12:00 pm)   1 7 8 

(4:00  pm)   2 16 23 

(8:00 pm)   3 95 118 

(12:00 am)   4 194 312 

(4:00 am)   5 OUT OF BEANS OUT OF BEANS 

(8:00am)   6 OUT OF BEANS OUT OF BEANS 

 

1. What times correlate to each Shake Number?  Write those in the space to the left of the 

Shake Numbers in the chart.  See chart above.  

 

2. Graph b(x) and z(x) on their respective axes, below, being sure to label completely. 
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3. What is the difference between the meanings of b(x) and z(x) at any given time? The 

difference is that the number of Zombies is the SUM of all of the Number of Bites, 

inclusive of the most recent ones.  In a Calculus sense, the Number of Zombies graph is 

giving the integral (area under the curve) of the Number of Bites graph.  Obviously thatôs 

beyond the scope of this course, but if you were to plot dots underneath the ñBitesò 

curve, they would understand that every dot represents a new Zombie.   

4. About how many more shakes do you think it would take for your entire population of 

pinto bean people to be Zombies?  It only took  five, total.  (students would guess if it 

were longer) 

 

 

5. What does the y-intercept on your graph represent, as far as diseased/healthy people?  

The y-intercept represents the one Zombie.  If there were three zombies to start, the y-

intercept would be (0,3). 

 

 

6. About how many healthy people did your diseased person infect in a single interaction?  

Each Zombie bit 6-7 people each time.   

 

7. How does the size of the pinto bean vs. the Zombie bean affect the number of bites? The 

Zombie was bigger, so he could touch more people.  In real terms, it may be that the 

Zombie is bigger, but it could also mean he was quicker or that the environment gives 

people nowhere to go. 

 

 

8. Now come together with another group whose ñdiseased personò was a different type of 
bean than the one that you measured, preferably one with a different size, and compare 

your answers to 1-4 with theirs.  Do you notice any differences?  If so, why do you think 

one ñdiseased personò affects the healthy population differently?  The smaller the 

Zombie, the smaller the multiplier each time.  The bigger the Zombie, the more people it 

could take out each shake.   
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9. For each shake for your group and your neighbors, describe how fast the number of 

zombies changed mathematically compared with the last shake.  What is the pattern or 

relationship?  (It wonôt be exact because this is a simulation, but you should see a 

relationship between a shake and the one before it that is similar to the relationship 

between a shake and the one after).  For this one, the number of bites changed by a factor 

of around 7 times the previous number.  But the total number of Zombies appeared to be 

a multiple of 8, which is generally not what students expect.  It is because of the 

compounding nature of the Zombie Problem.  This will be addressed later after 

Compound Interest is discussed, and we will revisit this. ὃὸ ὖρ   .  A(t) is the 

amount in an account at any given time, ñt.ò  P is the initial amount, r is the rate of 

return,  n is the number of times the return is calculated, and t is the units of time you 

choose to use (money uses years but we can use others).  So P in this case is 1 (there is 

one Zombie initially), r is the rate of return, and in this case, itôs 700% so r=7.  n=1. 

While this is beyond the scope of their knowledge right now, you can revisit this task after 

compound interest to determine the actual equation. 

10. Noting the relationships that you and your neighbors noticed #12, what do you think will 

happen from one shake of a box to another in the photos below, if the speckled bean is 

the ñZombie?ò You can tell the repeated multiplier by the number of beans surrounding 

it. 

 

 

 

a. The factor/repeated 

multiplier would be 4.   

 

b. The factor/repeated 

multiplier would be 

about 11.  

 

c. The factor/repeated 

multiplier would be 6.  

 

d.  The factor/repeated 

multiplier would be 7 

or 8.  It could be that 

the little beans at the 

top arenôt close 

enough to count-but if 

students recognize 

this, they understand 

this concept.   
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Zombie Apocalypse Simulation (Spotlight Task) 
 

Mathematical Goals 

Develop the concepts of exponential growth through a visual model, as well as understand the 

magnitude of exponential growth and the idea of exponential compounding. 

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

 

 

Georgia Standards of Excellence 

 

MGSE9-12.A.SSE.3 Choose and produce an equivalent form of an expression to reveal and 

explain properties of the quantity represented by the expression. (Limit to exponential and 

logarithmic functions.) 

 

Analyze functions using different representations 

MGSE9-12.F.IF.7 Graph functions expressed algebraically and show key features of the graph 

both by hand and by using technology. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

Introduction  

This task gives students a visual way to experience exponential growth, as well as graphing 

exponential equations.  The fast increase in the rate of growth is explored, as is a beginning of 

the ñCompound Interestò idea in that the original amount (principal) remains PLUS additional.  

The comparison of large vs. small beans as ñZombiesò allows them to speculate as to how the 

relative size of the ñzombieò 

 

Materials 

¶ Dried Pinto Beans and Dried Beans of at least two other types  

¶ Pan or Paper Box Lid (one per pair) 

¶ Cups-2 per pair of students 
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The situation: 

At exactly 8am, a Zombie staggers into a school building of healthy, disease free people.  It takes 

a normal, disease-free person four hours to turn into a Zombie once bitten.  In this exploration, 

you will use a model to examine the spread of the Zombie pathogen.  You will need a cup of 

pinto beans which represents people and a cup of another type of beans which represents 

zombies. 

TABLE 1:  Simulated Spread of a Disease 

Shake 

Number 

(x) 

Number 

of Bites  

(b(x)) 

Number 

of 

Zombies 

(z(x)) 

0     

1     

2     

3     

4     

5     

6     

1. What times correlate to each Shake Number?  Write those in the space to the left of the 

Shake Numbers in the chart.   

2. Graph b(x) and z(x) on their respective axes, below, being sure to label completely. 

 

           
3. What is the difference between the meanings of b(x) and z(x) at any given time? 

 

 

4. About how many more shakes do you think it would take for your entire population of pinto 

bean people to be Zombies? 

 

5. What does the y-intercept on your graph represent, as far as diseased/healthy people? 

 

 

6. About how many healthy people did your diseased person infect in a single interaction? 
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7. How does the size of the pinto bean vs. the Zombie bean affect the number of bites? 

 

 

8. Now come together with another group whose ñdiseased personò was a different type of bean 

than the one that you measured, preferably one with a different size, and compare your 

answers to 1-4 with theirs.  Do you notice any differences?  If so, why do you think one 

ñdiseased personò affects the healthy population differently? 

 

 

9. For each shake for your group and your neighbors, describe how fast the number of zombies 

changed mathematically compared with the last shake.  What is the pattern or relationship?  

(It wonôt be exact because this is a simulation, but you should see a relationship between a 

shake and the one before it that is similar to the relationship between a shake and the one 

after).   

10. Noting the relationships that you and your neighbors noticed #12, what do you think will 

happen from one shake of a box to another in the photos below, if the speckled bean is the 

ñZombie?ò 

 

 

 
a.  

 

 

b.  c. 

 

 

 

 

d.   
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Bacteria in the Swimming Pool1     Back to Task Table 

Mathematical Goals 

Represent a real-world situation with an exponential function 

Solve an exponential equation using a numerical and a graphical approach  

 

Georgia Standards of Excellence 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

6. Attend to precision.  

 

Introduction  

This is a problem that models exponential growth.  It is solved using a numerical approach and a 

graphical approach.  The lack of an algebraic way to solve it motivates the need for a logarithm.   

 

Materials 

Graphing calculator or some other graphing utility 

                                                 
1 Adapted from NCTMôs Curriculum and Evaluation Standards for School Mathematics Addenda Series, Grades 9-

12:  Algebra in a Technological World.   
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Bacteria in the Swimming Pool 
The bacteria count in a heated swimming pool is 1500 bacteria per cubic centimeter on Monday 

morning at 8 AM, and the count doubles each day thereafter.   

 

1. What bacteria count can you expect on Wednesday at 8 AM?   

 

2. Complete the table below. 

 

Time (days) since Monday at 8 AM 0 1 2 3 4 5 

Number of bacteria per cc 1500 3000 6000 12000 24000 48000 

 

3. Suppose we want to know the expected bacteria count at 2 PM Thursday, 3.25 days after the 

initial count.   Use the values in your table to estimate the number of bacteria.   Explain your 

thinking.   

 

Students should give a value between 12000 and 24000.  Some may incorrectly predict 15000 

since 15000 is ¼ of the way between 12000 and 24000 just as 3.25 is ¼ of the distance between 3 

and 4.  If this happens, come back to it after doing #6; point out the bacteria problem is not a 

direct variation.   

 

4. To answer this question more precisely, it would be helpful if we can write a function for the 

bacteria count in terms of the number of days since Monday at 8 AM.  To do this, it is helpful to 

look for a pattern.  However, if you calculated the bacteria count for each number of days in the 

table, then the process you used to get the number of bacteria is probably camouflaged; this 

means it may be difficult to identify a pattern that can lead you to a generalized expression.  

Instead, consider writing the number of bacteria for each number of days in terms of 1500, the 

initial bacteria count.  Ask yourself:  If you began with a count of 1500 bacteria, how do you get 

the number of bacteria after 1 day?  Do you see this is ρυππϽς ?  Then the number after 2 days 

is found by doubling the number of bacteria after 1 day so we now have ρυππϽςϽς.  Then the 

number after 3 days is found by doubling the number after 2 days so we have ρυππϽςϽςϽς .  
Do you see a pattern?  As the number of days increases, what stays the same in the expressions 

for the number of bacteria?  What is changing in the expressions for the number of bacteria?    

 

1500 stays the same.  There is a factor of 2 but what changes is the number of factors of 2.   

 

5. Use the pattern from Problem 3 to write a function P that represents the number of bacteria per 

cc after t days. (Be sure your function gives you the same data you wrote in the table of Problem 

2.)   

 

Solution:  0Ô ρυππς   
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6. How can you use the function to determine the number of bacteria present after 3.25 days? 

 

Solution:   P(3.25) = 1500(2)3.25  14270 bacteria per cc   

 

7. Use graphing technology to graph the function.  Explain how to use the graph to determine the 

bacteria count after 3.25 days.   

 

We could trace the function to find the point that has an x-coordinate of approximately 3.25.  

The y-coordinate of this point is the number of bacteria after 3.25 days.   

 

8. If nothing is done and the bacteria continue to double, how long will it take for the count to 

reach 3 million bacteria?  Write an equation to represent this situation.  Find at least 2 different 

ways to solve the equation.    

 

 ρυππ ς σππππππ 

 

It could be solved graphically.  Graph ώ ρυππ ς   and   ώ σππππππ and find their point 

of intersection.  The x-coordinate of this point is the number of days it will take for the 

population to reach 3000000.   

 

We could also use guess and check; just continue to substitute values in for t until you get 

ρυππ ς   to equal 3000000 (or very close to it!). 

 

The number is 3000000 in just under 11 days.   

 

To solve the equation you wrote in Problem 8 algebraically, we need a strategy to isolate the 

exponent t.  This strategy requires logarithms that are defined in the next task.     
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Bacteria in the Swimming Pool 
 

The bacteria count in a heated swimming pool is 1500 bacteria per cubic centimeter on Monday 

morning at 8 AM, and the count doubles each day thereafter.   

 

1. What bacteria count can you expect on Wednesday at 8 AM?   

 

 

 

2. Complete the table below. 

 

Time (days) 

since Monday at 

8 AM 

0 1 2 3 4 5 

Number of 

bacteria per cc 

 

1500 

 

 

    

 

3. Suppose we want to know the expected bacteria count at 2 PM Thursday, 3.25 days after the 

initial count.   Use the values in your table to estimate the number of bacteria.   Explain your 

thinking.   

 

 

 

 

 

 

4. To answer this question more precisely, it would be helpful if we can write a function for the 

bacteria count in terms of the number of days since Monday at 8 AM.  To do this, it is helpful to 

look for a pattern.  However, if you calculated the bacteria count for each number of days in the 

table, then the process you used to get the number of bacteria is probably camouflaged; this 

means it may be difficult to identify a pattern that can lead you to a generalized expression.  

Instead, consider writing the number of bacteria for each number of days in terms of 1500, the 

initial bacteria count.  Ask yourself:  If you began with a count of 1500 bacteria, how do you get 

the number of bacteria after 1 day?  Do you see this is ρυππϽς ?  Then the number after 2 days 

is found by doubling the number of bacteria after 1 day so we now have ρυππϽςϽς.  Then the 

number after 3 days is found by doubling the number after 2 days so we have ρυππϽςϽςϽς .  
Do you see a pattern?  Do you see a pattern?  As the number of days increases, what stays the 

same in the expressions for the number of bacteria?  What is changing in the expressions for the 

number of bacteria?    
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5. Use the pattern from Problem 3 to write a function P that represents the number of bacteria per 

cc after t days. (Be sure your function gives you the same data you wrote in the table of Problem 

2.)   

 

 

 

 

 

6. How can you use the function to determine the number of bacteria present after 3.25 days? 

 

 

 

 

 

 

7. Use graphing technology to graph the function.  Explain how to use the graph to determine the 

bacteria count after 3.25 days.   

 

 

 

 

 

 

 

8. If nothing is done and the bacteria continue to double, how long will it take for the count to 

reach 3 million bacteria?  Write an equation to represent this situation.  Find at least 2 different 

ways to solve the equation.    

 

 

 

 

 

 

 

 

To solve the equation you wrote in Problem 8 algebraically, we need a strategy to isolate the 

exponent t.  This strategy requires logarithms that are defined in the next task.     
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What is a Logarithm? (Spotlight Task)    Back to Task Table 
***If you have been using the rapid recall quizzes in the appendix, this should really be a very 

very quick task for students. They will (by now) already know that LogArithm =  Logical 

Arithmetic, and they will already have seen how itôs just thinking backwards.  In fact, with the 

Logical Arithmetic, this task will be quick AND will be a real, ñAHA!ò  for them.  So quick, in 

fact, that there is now an additional activity involving a card sort to reinforce the 

verbalĄlogĄexponentialĄmeaning to logarithms.   

 

Mathematical Goals 

Understand the concept of a logarithm 

Develop the ability to move flexibly from exponential form to logarithmic form and vice versa 

Understand how logarithms can be used to solve problems 

Use the calculator to evaluate common and natural logarithms 

 

Georgia Standards of Excellence 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.BF.5 Understand the inverse relationship between exponents and logarithms and 

use this relationship to solve problems involving logarithms and exponents.  

 

Standards for Mathematical Practice 

1. Reason abstractly and quantitatively. 

2. Construct viable arguments and critique the reasoning of others. 

3. Model with mathematics. 

4. Use appropriate tools strategically. 

5. Attend to precision.  

6. Look for and make use of structure. 

 

Introduction  

In this task students learn there is a direct connection between a logarithm and an exponent.   

 

Materials 

Calculator 
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As a society, we are accustomed to performing an action and then undoing or reversing that 

action.  Identify the action that undoes each of those named.   

 

Putting on a jacket      Removing a jacket 

 

Opening a door   Closing a door 

 

Walking forward      Walking backward 

 

Depositing money in a bank      Withdrawing money from a bank 

 

In mathematics we also find it useful to be able to undo certain actions.  

What action undoes adding 5 to a number?  Subtracting 5 from the result 

 

What action undoes multiplying a number by 4?     Dividing the result by 4 

 

What action undoes squaring a number?                   

 

Taking the square root of the result 

 

We say that addition and subtraction are inverse operations because one operation undoes the 

other.  Multiplication and division are also inverse operations; squaring and taking the square 

root are inverse operations.  

 

Inverse operations in mathematics help us solve equations.  Consider the equation  

2x + 3 = 35.  This equation implies some number (represented by x) has been multiplied by 2; 

then 3 has been added to the product for a result of 35.  To determine the value of x, we subtract 

3 from 35 to undo adding 3.  This means that 2x must equal to 32.   To undo multiplying the 

number by 2, we divide 32 by 2 and find the number represented by x is 16. 

 

Explain how inverse operations are used in the solution of the following problems. 

 

In right triangle ABC with right angle B, if BC is 8 cm and AC is 17 cm, determine the measure 

of angle A.   

 

Since ABC is a right triangle, then 

 ίὭὲὃ    so ὃ ίὭὲ Ȣ 
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If Ѝὼ ψ ρπ, determine the value of ὼ.   
 

Weôve taken a number x, added 8 to it, then taken the square root of this sum and gotten 10.  So 

we must reverse our steps using the inverse operations.  Take the result 10 and first square it to 

get 100 and then subtract 8 from 100. 

 

Solve  x3= 27  for x.   

 

If we have cubed a number  x to get 27 so we must take the cube root of the result, 27, to 

determine the original number x. 

 

 Solve  2x = 10  for x.   

 

We have multiplied a number by 2 and gotten 10 so we must divide the result 10 by 2 to 

determine the original number x.   

 

In problem 8 of Task 3, ñBacteria in the Swimming Pool,ò we obtained the equation ρυππς
σππππππ to solve for t.  This equation is equivalent to equivalent to ς ςπππ.  Why?  While 

in Task 3 we had no algebraic way to solve this equation because we lacked a strategy to isolate 

the exponent t.  Our goal in this current task is to continue our idea of ñundoingò to solve an 

equation; specifically, we need to find an action that will undo raising 2 to a power.  This action 

needs to report the exponent to which 2 has been raised in order to obtain 2000.  In order to 

rewrite ς ςπππ so t is isolated, we need to define logarithms.  Logarithms allow us to rewrite 

an exponential equation so that the exponent is isolated.  Specifically, if ὥ ὦ, then ñc is the 

logarithm with base b of aò and is written as ÌÏÇὥ ὧ.  (We read ñÌÏÇὥ ὧò as ñlog base b 
of a is c.ò)   

 

Using logarithms we can write ς ςπππ as ÌÏÇςπππὸ.  These two expressions are 

equivalent, and in the expression ÌÏÇςπππὸ we have t isolated.  Although this is a good 

thing, we still need a way to evaluate the expression  ÌÏÇςπππ.  We know it equals the 

exponent to which 2 must be raised in order to obtain a value of 2000, but we still donôt know 

how to calculate this value.  Hang onéwe will get there in the next task! First some preliminary 

work must be done! 

 

Letôs look at a few examples: 

102 = 100 is equivalent to log10100 = 2. Notice that 10 is the base in both the exponential form 

and the logarithmic form.  Also notice that the logarithm is the exponent to which 10 is raised to 

obtain 100.   

Evaluate log464. This question asks for the exponent to which 4 is raised to obtain 64. In other 

words, 4 to what power equals 64? ____3____ 

Consider the following problem: ÌÏÇὲ τ.  This equation is equivalent to ς ὲ; thus, ὲ
ρφ. 
The relationship between exponents and logarithms must be understood clearly.  The following 

practice problems will help you gain this understanding.   
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 Rewrite each exponential equation as a logarithmic equation. 

 φ σφ       ὰέὫσφ ς 
ρπ ρπππ     ὰέὫ ρπππσ 

ςυ υ       ὰέὫυ  

 

 Rewrite each logarithmic equation as an exponential equation. 

ÌÏÇρφ ς      τ ρφ 
ÌÏÇρ π   φ ρ 
ÌÏÇὲ ὸ     σ ὲ 
 

 Evaluate each of the following. 

ÌÏÇπȢρ     We want the exponent that 10 must be raised in order to get 0.1 or .  That 

exponent is -1 so ὰέὫπȢρ ρ  

ÌÏÇψρ     4   

ÌÏÇ         -4  

ÌÏÇυ           1 

Between what two whole numbers is the value of ÌÏÇρψ?    

 

ὰέὫρψ is the exponent to which 3 must be raised to obtain 18.   

Since 32 = 9 and 33  = 27,  then the exponent to which 3 must be raised to obtain 18 is  between 2 

and 3.   

 

Between what two whole numbers is the value of ÌÏÇυπ? 

 

Since 25 = 32 and 26 = 64, then the exponent 2 must be raised to obtain 50 is between 5 and 6. 

 

 Solve each logarithmic equation for x.  

a) ÌÏÇψρ ὼ 
Â ÌÏÇσς ὼ 
c) log71 = x    

d) log8x = 3 

e) log5(3x + 1) = 2  

f) log6(4x ï 7) = 0 

 

Solution: a.    x = 2  b.   x = 5 c.    x = 0 d.   x = 512 e.   x = 8 f.    x = 2      

 

Hopefully you now have an understanding of the relationship between exponents and logarithms.  

In logarithms, just as with exponential expressions, any positive number can be a base except 1 

(we will explore this fact later).  Logarithms which use 10 for the base are called common 

logarithms and are expressed simply as log x. It is not necessary to write the base. Calculators are 

programmed to evaluate common logarithms.   

 

Use your calculator to evaluate log 78.  First think about what this expression means. 
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Solution:   ὼ  ρȢψω 
Understanding logarithms can help solve more complex exponential equations.  Consider solving 

the following equation for x:  

 

    10x = 350 

 

We know that 102 = 100 and 103 = 1000 so x should be between 2 and 3. Rewriting  

 ρπ  συπ  as the logarithmic equation Ø ÌÏÇσυπ, we can use the calculator to determine the 

value of  x to the nearest hundredth. Solution:   x = 2.54 

 

Solve each of the following for x using logarithms.  Determine the value of x to the nearest 

hundredth.   

1. 10x = 15   x º 1.18 

2. 10x = 0.3458  x º -0.46 

3. 3(10x) = 2345  x º 2.89 

4. 2(10x) = -6538  x º 3.51 

 

Logarithms that use the irrational number  Ὡ  as a base are of particular importance in many 

applications.  Recall an irrational number is represented by a non-terminating, non-repeating 

decimal number.  The value of  Ὡ is 2.718281828é.  The function ώ ÌÏÇὼ is the natural 

logarithmic function and has a base of   Ὡ.  The shorthand for ώ ÌÏÇὼ is ώ ÌÎὼ.  
Calculators are also programmed to evaluate natural logarithms.   

Consider ÌÎστ which means the exponent to which the base Ὡ must be raised to obtain 34.  The 

calculator evaluates ÌÎστ as approximately 3.526.  This value makes sense because ὩȢ  is 

approximately 33.9877, a value very close to 34! 

 

Evaluate ÌÎρςφ.  Use an exponential expression to confirm your solution makes sense.    Approx 

4.84   ;    since ὩȢ ρςφȢτχ, the solution makes sense. 

 

Evaluate ÌÎὩ.  Explain why your answer makes sense.   ὰὲὩ means the exponent to which Ὡ is 

raised to obtain Ὡ.  Since Ὡ Ὡ, then this exponent is 1 so ὰὲὩ ρ. 
 

If    ÌÎὼ χ, determine the value of x to the nearest hundredth.  HINT:  Write the logarithmic 

equation in exponential form.  

 

  ὰὲὼ χ is equivalent to  Ὡ ὼ.  So x is approx 1096.63. 

 

If   Ὡ ψυ, determine the value of x to the nearest hundredth.    HINT:  Write the exponential 

equation in logarithmic form. 

 

  Ὡ ψυ is equivalent to ὰὲψυ ὼ so x is approx 4.44.  
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256 

 
Some number to 

the power of 2 

is 16. 

Some number to 

the power of 16 

is 2.  
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What is a Logarithm? (Spotlight Task) 
 

As a society, we are accustomed to performing an action and then undoing or reversing that 

action.  Identify the action that undoes each of those named.   

Putting on a jacket 

 

Opening a door 

 

Walking forward 

 

Depositing money in a bank 

 

In mathematics we also find it useful to be able to undo certain actions.  

What action undoes adding 5 to a number?   

 

What action undoes multiplying a number by 4? 

 

What action undoes squaring a number? 

 

We say that addition and subtraction are inverse operations because one operation undoes the 

other.  Multiplication and division are also inverse operations; squaring and taking the square 

root are inverse operations.  

 

Inverse operations in mathematics help us solve equations.  Consider the equation  

2x + 3 = 35.  This equation implies some number (represented by x) has been multiplied by 2; 

then 3 has been added to the product for a result of 35.  To determine the value of x, we subtract 

3 from 35 to undo adding 3.  This means that 2x must equal to 32.   To undo multiplying the 

number by 2, we divide 32 by 2 and find the number represented by x is 16. 

 

 

Explain how inverse operations are used in the solution of the following problems. 

 

In right triangle ABC with right angle B, if BC is 8 cm and AC is 17 cm, determine the measure 

of angle A.   

 

 

 

 If Ѝὼ ψ ρπ, determine the value of ὼ. 
 

Solve  x3= 27  for x. 

 

 Solve  2x = 10  for x. 
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In problem 8 of Task 3, ñBacteria in the Swimming Pool,ò we obtained the equation ρυππς
σππππππ to solve for t.  This equation is equivalent to equivalent to ς ςπππ.  Why?  While 

in Task 3 we had no algebraic way to solve this equation because we lacked a strategy to isolate 

the exponent t.  Our goal in this current task is to continue our idea of ñundoingò to solve an 

equation; specifically, we need to find an action that will undo raising 2 to a power.  This action 

needs to report the exponent to which 2 has been raised in order to obtain 2000.  In order to 

rewrite ς ςπππ so t is isolated, we need to define logarithms.  Logarithms allow us to rewrite 

an exponential equation so that the exponent is isolated.  Specifically, if ὥ ὦ, then ñc is the 

logarithm with base b of aò and is written as ÌÏÇὥ ὧ.  (We read ñÌÏÇὥ ὧò as ñlog base b 
of a is c.ò)   

 

Using logarithms we can write ς ςπππ as ÌÏÇςπππὸ.  These two expressions are 

equivalent, and in the expression ÌÏÇςπππὸ we have t isolated.  Although this is a good 

thing, we still need a way to evaluate the expression ÌÏÇςπππ.  We know it equals the exponent 

to which 2 must be raised in order to obtain a value of 2000, but we still donôt know how to 

calculate this value.  Hang onéwe will get there in the next task! First some preliminary work 

must be done! 

 

Letôs look at a few examples: 

102 = 100 is equivalent to log10100 = 2. Notice that 10 is the base in both the exponential form 

and the logarithmic form.  Also notice that the logarithm is the exponent to which 10 is raised to 

obtain 100.   

 

Evaluate log464. This question asks for the exponent to which 4 is raised to obtain 64. In other 

words, 4 to what power equals 64? ________  

Consider the following problem: ÌÏÇὲ τ.  This equation is equivalent to ς ὲ; thus  ὲ
ρφ. 
 

The relationship between exponents and logarithms must be understood clearly.  The following 

practice problems will help you gain this understanding.   

 

 Rewrite each exponential equation as a logarithmic equation. 

 φ σφ  
ρπ ρπππ 

ςυ υ 
 

 

 Rewrite each logarithmic equation as an exponential equation. 

ÌÏÇρφ ς   

ÌÏÇρ π 
ÌÏÇὲ ὸ 
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Evaluate each of the following. 

ÌÏÇπȢρ ÌÏὫψρ ÌÏÇ  ÌÏÇυ        

 

Between what two whole numbers is the value of ÌÏÇρψ? 

 

Between what two whole numbers is the value of ÌÏÇυπ? 

 

Solve each logarithmic equation for x.  

a) ÌÏÇψρ ὼ 
Â ÌÏÇσς ὼ 
c) log71 = x    

d) log8x = 3 

e) log5(3x + 1) = 2  

f) log6(4x ï 7) = 0 

 

Hopefully you now have an understanding of the relationship between exponents and logarithms.  

In logarithms, just as with exponential expressions, any positive number can be a base except 1 

(we will explore this fact later).  Logarithms which use 10 for the base are called common 

logarithms and are expressed simply as log x. It is not necessary to write the base. Calculators are 

programmed to evaluate common logarithms.   

 

Use your calculator to evaluate log 78.  First think about what this expression means. 

 

   

 

Understanding logarithms can help solve more complex exponential equations.  Consider solving 

the following equation for x:  

 

    10x = 350 

 

We know that 102 = 100 and 103 = 1000 so x should be between 2 and 3. Rewriting  

 ρπ  συπ  as the logarithmic equation Ø ÌÏÇσυπ, we can use the calculator to determine the 

value of  x to the nearest hundredth.  

 

Solve each of the following for x using logarithms.  Determine the value of x to the nearest 

hundredth.   

1. 10x = 15   

2. 10x = 0.3458   

3. 3(10x) = 2345   

4. 2(10x) = -6538   

 

Logarithms that use the irrational number  Ὡ  as a base are of particular importance in many 

applications.  Recall an irrational number is represented by a non-terminating, non-repeating 

decimal number.  The value of  Ὡ is 2.718281828é.  The function ώ ÌÏÇὼ is the natural 
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logarithmic function and has a base of   Ὡ.  The shorthand for ώ ÌÏÇὼ is ώ ÌÎὼ.  
Calculators are also programmed to evaluate natural logarithms.   

Consider ÌÎστ which means the exponent to which the base Ὡ must be raised to obtain 34.  The 

calculator evaluates ÌÎστ as approximately 3.526.  This value makes sense because ὩȢ  is 

approximately 33.9877, a value very close to 34! 

 

Evaluate ÌÎρςφ.  Use an exponential expression to confirm your solution makes sense.   

 

Evaluate ÌÎὩ.  Explain why your answer makes sense. 

 

If    ÌÎὼ χ, determine the value of x to the nearest hundredth.  HINT:  Write the logarithmic 

equation in exponential form.   

 

If   Ὡ ψυ, determine the value of x to the nearest hundredth.    HINT:  Write the exponential 

equation in logarithmic form. 

 

 

 The cards you have been given are to be sorted.  There will be six matches of five cards each.  

You will see a verbal description of the exponential function, a verbal description of the 

logarithmic function that means the same thing, the logarithmic equation written out, the 

exponential equation written out, and the solution to the equations.  Make the matches, and then 

be prepared to tell: 

 

a) Of the two equations that you saw, the exponential and the logarithmic, which one helped you 

find the solution the easiest? 

 

b) How does the solution that you found work for both the logarithmic and the exponential 

equation? 

 

 

c) Which ones could you have solved without any work at all except just using your calculator?
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Some number 

to the power of 

16 is 2. 
 

Some number 

to the power of 

2 is 16. 
 

256 
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Evaluating Logarithms that are not Common or Natural Back to Task Table 
 

Mathematical Goals 

Develop a strategy for evaluating logarithms that have bases different from 10 or e 

Use technology to evaluate logarithms with bases other than 10 or e 

 

Georgia Standards of Excellence 

 

MGSE9-12.A.SSE.3 Choose and produce an equivalent form of an expression to reveal and 

explain properties of the quantity represented by the expression. (Limit to exponential and 

logarithmic functions.) 

  

MGSE9-12.A.SSE.3c Use the properties of exponents to transform expressions for exponential 

functions. For example, the expression 1.15t , where t is in years, can be rewritten as 

[1.15(1/12)] (12t) å 1.012(12t) to reveal the approximate equivalent monthly interest rate if the annual 

rate is 15%. 

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

6. Attend to precision.  

7. Look for and make use of structure. 

8. Look for and express regularity in repeated reasoning. 

 

Introduction  

This task ultimately leads to the change of base formula with common logarithms.  Knowing this 

formula helps students evaluate logarithms with bases other than 10 or Ὡ.  However, the deeper 

understanding gained by deriving this formula is extremely important.  You may want to work 

through this task as a whole class, posing questions along the way for students to discuss with 

their neighbors.  

   

Materials 

Calculator 

 

What does the expression ÌÏÇρυ mean?  What is the value of ÌÏÇρυ?  How can you show the 

value you obtained is correct?  

 

 ὰέὫρυ means the exponent to which 10 is raised to yield 15;   ὰέὫρυ ρȢρχφ ;          Observe  

ρπȢ ρτȢωωφ  ρυ 
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You can use your calculator to obtain the values of  ÌÏÇρυ because the calculator is programmed 

to evaluate common logarithms.  The calculator can also evaluate natural logarithms such as 

ÌÎςπ.  A good question is é..how do I evaluate a logarithm such as ÌÏÇτυ that has a base that 

is not 10 or Ὡ?  This task is designed to help you evaluate such expressions.   To make sense of 

the idea, you must read each part carefully and look for patterns that will help you reach a 

generalization.   

 

First of all, explain what ÌÏÇτυ means.   Also, determine between what two whole numbers 

ÌÏÇτυ is located and explain your thinking.   

 

ὰέὫτυ means the exponent to which 2 is raised to yield 45 

 

Now letôs see how to determine its value.  Do you agree that any positive number can be written 

as a power of 10?  Letôs try it!   

¶ How can you write 1 as a power of 10?   

¶ How can you write 10 as a power of 10?   

¶ What about 2?  What about 45?  What about 70?   

 

Did you use guess and check to determine the exponent or did you use your understanding of 

logarithms to calculate the exponent?  For example, what does  ÌÏÇς mean?  What does ÌÏÇτυ 
mean?   

 

Since any positive number can be written as a power of 10, we can use this fact to help us 

evaluate an expression such as    ÌÏÇτυ.   
 

Now  ÌÏÇτυ equals some value.  Letôs call it ὼ.  (And we know ὼ is the exponent to which __2_ 

must be raised in order to obtain _45). 

 

  So ÌÏÇτυ ὼ. This means ς τυ.  Why? 

 

Now any number can be written as a power of 10 so let ὶ and ί represent the exponents such that 

τυ ρπ and ς ρπ.   
 

This means that   ρπ ρπ.     Why?   

And now we know that           ίὼ ὶ.             Why?  

Now we know that       ὼ .    Why?   

 

Remember that ÌÏÇτυ ὼ so this means that  ÌÏÇτυ  

But  τυ ρπ and ς ρπ   so we know that ὶ ÌÏÇτυ  and ί ÌÏÇς.  Why? 

Therefore,  ÌÏÇτυ   .    Notice that weôve written ÌÏÇτυ in terms of common 

logarithms. 

Since we can evaluate  , we now know the value of ÌÏÇτυȢ  
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Use the same strategy to evaluate ÌÏÇρσς.    
 

 In summary, we found ÌÏÇτυ   .  Then you showed ÌÏÇρσς ____ _______. 

 

What patterns are you observing?    

 

Based on the patterns youôve noticed, can you suggest an easy way using common logarithms to 

evaluate ÌÏÇχω?     ὰέὫχω  

 

Now letôs generalize; that is, given any expression ÌÏÇὥ , what expression in terms of common 

logarithms is equivalent to ÌÏÇὥ?     ὰέὫὥ          

This is the change of base formula using common logarithms. 

 

The generalization youôve made is based on inductive reasoning.  Now use deductive 

reasoning to prove your generalization.   

 

Let ὰέὫὥ ὼȢ This means that ὦ ὥȢ  Let r and s be real numbers such that ὥ ρπ  and 

ὦ ρπ.  Then ὶ ὰέὫὥ  and ί ὰέὫὦ.  Since ὦ ὥ this means that  ρπ ρπ.  But 

this means that ίὼ ὶ.  So ὼ   which means that ὼ  

 

Since the calculator can also evaluate natural logarithms, use the change of based formula 

outlined above to evaluate ÌÏÇτυ using natural logarithms rather than common logarithms.  

Begin by writing 2 and 45 as powers of Ὡ.  What do you observe? 

 

When students work through this, they find that   = ; that is, the ratios of these 

logarithms are equal.  In fact, the more general change of base formula says that 

 ὰέὫὥ   for any positive real number c.   

 

 Remember the problem ñBacteria in the Swimming Poolò?  In this problem the bacteria count in 

a heated swimming pool was 1500 per cubic centimeter on Monday morning at 8 AM, and the 

count doubled each day thereafter.  We determined the function for the number of bacteria t days 

after the initial count was  ὖὸ ρυππς .  In the last question of this task, we wanted to 

know how long it would take for the count to reach 3 million bacteria.  This meant we needed to 

solve the equation  ρυππς σππππππ.  At the time we had no way to solve the equation 

algebraically.  Use what you have learned about logarithms to find algebraically the solution to    

ρυππς σππππππ.   

Solution:    

 ρυππς σππππππ So ς ςπππ This means that ὸ ὰέὫςπππ 

So ὸ  (about 11).  Thus, the bacteria count reaches 3 million in approx 11 days.    
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Evaluating Logarithms that are not Common or Natural  
What does the expression ÌÏÇρυ mean?  What is the value of ÌÏÇρυ?  How can you show the 

value you obtained is correct? 

 

 

 

You can use your calculator to obtain the values of  ÌÏÇρυ because the calculator is programmed 

to evaluate common logarithms.  The calculator can also evaluate natural logarithms such as 

ÌÎςπ.  A good question is é..how do I evaluate a logarithm such as ÌÏÇτυ that has a base that 

is not 10 or Ὡ?  This task is designed to help you evaluate such expressions.   To make sense of 

the idea, you must read each part carefully and look for patterns that will help you reach a 

generalization.   

 

 

 

 

First of all, explain what ÌÏÇτυ means.   Also, determine between what two whole numbers 

ÌÏÇτυ is located and explain your thinking. 

 

 

 

 

Now letôs see how to determine its value.  Do you agree that any positive number can be written 

as a power of 10?  Letôs try it!   

How can you write 1 as a power of 10?  How can you write 10 as a power of 10?  What about 2?  

What about 45?  What about 70?   

 

 

 

Did you use guess and check to determine the exponent or did you use your understanding of 

logarithms to calculate the exponent?  For example, what does  ÌÏÇς mean?  What does ÌÏÇτυ 
mean?   

 

 

 

 

 

Since any positive number can be written as a power of 10, we can use this fact to help us 

evaluate an expression such as ÌÏÇτυ.   
 

Now  ÌÏÇτυ equals some value.  Letôs call it ὼ.  (And we know ὼ is the exponent to which 

______ must be raised in order to obtain __________.) 

 

So ÌÏÇτυ ὼ. This means ς τυ.  Why? 
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Now any number can be written as a power of 10 so let ὶ and ί represent the exponents such that 

τυ ρπ and ς ρπ.   
This means that                  ρπ ρπ.     Why?   

 

And now we know that         ίὼ ὶ.          Why?  

 

Now we know that    ὼ .            Why?   

 

Remember that ÌÏÇτυ ὼ so this means that   ÌÏÇτυ  But  τυ ρπ and ς ρπ   

so we know that ὶ ÌÏÇτυ  and ί ÌÏÇς.  Why? 

 

Therefore,  ÌÏÇτυ   .    Notice that weôve written ÌÏÇτυ in terms of common 

logarithms. 

 

Since we can evaluate  , we now know the value of ÌÏÇτυȢ  

 

We found in the previous problem that ÌÏÇτυ .   

 

Use the same strategy to evaluate ÌÏÇρσς.    
 

 

In problem 4 we found ÌÏÇτυ   .  In problem 5 you showed ÌÏÇρσς ___________. 

What patterns are you observing?    

 

Based on the patterns youôve noticed, can you suggest an easy way using common logarithms to 

evaluate ÌÏÇχω ? 

 

 

 

Now letôs generalize; that is, given any expression ÌÏÇὥ , what expression in terms of common 

logarithms is equivalent to ÌÏÇὥ ?   

 

The generalization youôve made is based on inductive reasoning.  Now use deductive 

reasoning to prove your generalization.   

 

 

 

Since the calculator can also evaluate natural logarithms , use the strategy outlined above to 

evaluate ÌÏÇτυ using natural logarithms  rather than common logarithms.   

Begin by writing 2 and 45 as powers of Ὡ.  What do you observe? 
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Remember the problem ñBacteria in the Swimming Poolò?  In this problem the bacteria count in 

a heated swimming pool was 1500 per cubic centimeter on Monday morning at 8 AM, and the 

count doubled each day thereafter.   

 

 

We determined the function for the number of bacteria t days after the initial count was  ὖὸ
ρυππς .  

 

 

 In the last question of this task, we wanted to know how long it would take for the count to 

reach 3 million bacteria.   

 

This meant we needed to solve the equation  ρυππς σππππππ.   

 

 

At the time we had no way to solve the equation algebraically.   

 

Use what you have learned about logarithms to algebraically find the solution to 

ρυππς σππππππ.   
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The Logarithmic Function     Back to Task Table 
 

Mathematical Goals 

Graph logarithmic functions 

Identify characteristics of logarithmic functions 

Develop the ability to move flexibly from exponential form to logarithmic form and vice versa 

 

Georgia Standards of Excellence 

 

MGSE9-12.F.IF.7 Graph functions expressed algebraically and show key features of the graph 

both by hand and by using technology. (Limit to exponential and logarithmic functions.) 

 

Standards for Mathematical Practice 

1. Reason abstractly and quantitatively. 

2. Construct viable arguments and critique the reasoning of others. 

3. Model with mathematics. 

4. Use appropriate tools strategically. 

5. Look for and make use of structure. 

 

Introduction  

Students graph various logarithmic functions by hand and with technology to determine the 

characteristics of these graphs.  

 

Materials 

Graphing calculator or some other graphing utility 

 

 

 

So far we have looked at logarithms as exponents, but in this task we will extend our study of 

logarithms by looking at the logarithmic function.  The logarithmic function is defined as  ώ
ÌÏÇὼ for ὦ π and ὦ ρ.  Associated with every logarithmic function is a base number.  

Given an input value, the logarithmic function returns the exponent to which the base number is 

raised to obtain this input; thus, the output of the logarithmic function is an exponent.   

 

In Task 2 we saw there is a relationship between exponents and logarithms.  The ability to go 

from an exponential expression to a logarithmic expression is powerful.  Not surprisingly, there 

is a connection between an exponential function and a logarithmic function.  In fact,  

ώ ÌÏÇὼ implies ὦ ὼ.  Why?  The connection between an exponential function and a 

logarithmic function will be explored more deeply in Unit 6.   

 

For each function given, complete the table of values and then use these points to graph the 

function on graph paper. 

 

ώ ÌÏÇὼ 
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Ø Ù ὰέὫØ 

1 0 

10 1 

20 1.3 

50 1.7 

100 2 

 

ώ ÌÏÇὼ 
 

Ø Ù ὰέὫØ 

1 0 

2 1 

4 2 

8 3 

16 4 

 

 

What common characteristics of these functions do you see?  In particular, determine the domain 

and range of the functions and any intercepts.  Also describe any characteristics of their graphs 

such as increasing/decreasing, asymptotes, end-behavior, etc.   

 

 

Use graphing technology to graph ώ ÌÏÇὼ.  Does your graph agree with your hand-drawn 

graph? 

 

Use graphing technology to graph ώ ÌÏÇὼ.  (Remember you can write any logarithmic 

expression in terms of common logarithmsðthis will allow you to graph ώ ÌÏÇὼ with your 

technology.)  Does your graph agree with your hand-drawn graph? 

 

Use graphing technology to graph ώ ÌÎὼ.   
 

How does the graph of the logarithmic function change as the base b changes? 

 

 

Use graphing technology to graph each function.   

ώ ÌÏÇὼ   
ώ ÌÏÇὼ 
ώ ÌÎὼ 

 

 

How do these graphs compare to the graphs of ώ ÌÏÇὼ  and ώ ÌÏÇὼ and ώ ÌÎὼȩ   
  The graphs are reflections of each other over the x-axis. 
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Use what you know about transformations of functions to explain the relationship between ώ
ÌÏÇὼ and ώ ÌÏÇὼ?   

 

ώ ὰέὫὼ  reflects ώ ὰέὫὼ over the x-axis.   

 

Does the same relationship hold for the graphs of  ώ ÌÏÇὼ and ώ ÌÏÇὼ?    

For ώ ÌÎὼ and ώ ÌÎὼ?    yes; yes 

In general, what is the relationship between ώ ÌÏÇὼ  and   ώ ÌÏÇὼ? 

 

ώ ὰέὫὼ  reflects the graph of  ώ ὰέὫὼ over the x-axis.   

 

Graph ώ ÌÏÇὼ σ.  How does this graph compare to that of ώ ÌÏÇὼ?   

 

 

Based on what you know about transformations of functions, describe in words how  

ώ ÌÏÇὼ σ  transforms the parent function ώ ÌÏÇὼ.   
 

ώ ὰέὫὼ σ translates ώ ὰέὫὼ 3 units horizontally to the right.   

 

 

Solution: 

 
 

Solution:  The transformation was a horizontal shift to the right 3 units so all the attributes of the 

graph of  ώ ὰέὫὼ are shifted to the right 3 units.  The argument of the function is  

(x ï 3).  Since the logarithmic function is defined only for positive numbers, this means ὼ σ
π; solving this inequality for x, we find  x > 3 which represents the domain of the function.   The 

asymptote is x = 3. The new intercept is (4, 1).  

 

Use technology to graph ώ ÌÏÇσὼ υ.  Key attributes such as domain, asymptote, and 

intercepts can often be determined algebraically.  Consider the following questions to help you 

determine these attributes algebraically.  Confirm your solutions match what you see on the 

graph.   
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To determine the domain, solve the inequality σὼ υ π.  Explain why this makes sense. 

To determine the asymptote, solve the equation σὼ υ π.  Explain why this makes sense.   

Use your understanding of the intercepts of any function to determine the intercepts of ώ
ÌÏÇσὼ υ.  HINT:  In general, how do you find the intercepts of any function?   

                   .   

Solution: The argument of the logarithmic function must be positive; therefore, the argument (3x 

- 5) must be positive and this happens when x > 5/3.  Thus, the domain is x > 5/3. 

The logarithmic function is undefined when the argument of the function is 0.   

Asymptote is x = 5/3. 

 

An x-intercept is where the graph intersects the x-axis, or where the y-coordinate is equal to 0. 

Setting y = 0, we get the following: 

 

0 = log(3x ï 5) Ą  100 = 3x ï 5 Ą  1 = 3x ï 5  Ą x = 2 

 

So the x-intercept is (2, 0). 

 

Use technology to graph ώ ÌÏÇσὼ ψ.  Determine its domain, asymptote, x-intercept, and 

y-intercept (if applicable) algebraically.  Confirm your solutions agree with the graph.   

 ώ ÌÏÇσὼ ψ 

 

Domain: ____________  Asymptote: ______________ 

 

x-intercept: __________  y-intercept: ______________ 

 

Solution:  Domain: x < 8/3  Asymptote: x = 8/3 

x-intercept: (3, 0)  y-intercept: (0, 1.292) 
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The Logarithmic Function 
 

So far we have looked at logarithms as exponents, but in this task we will extend our study of 

logarithms by looking at the logarithmic function.  The logarithmic function is defined as  ώ
ÌÏÇὼ for ὦ π and ὦ ρ.  Associated with every logarithmic function is a base number.  

Given an input value, the logarithmic function returns the exponent to which the base number is 

raised to obtain this input; thus, the output of the logarithmic function is an exponent.   

 

In Task 2 we saw there is a relationship between exponents and logarithms.  The ability to go 

from an exponential expression to a logarithmic expression is powerful.  Not surprisingly, there 

is a connection between an exponential function and a logarithmic function.  In fact, ώ ÌÏÇὼ 
implies ὦ ὼ.  Why?  The connection between an exponential function and a logarithmic 

function will be explored more deeply in Unit 6.   

 

For each function given, complete the table of values and then use these points to graph the 

function on graph paper. 

 

ώ ÌÏÇὼ 
Ø Ù ὰέὫØ 

1  

10  

20  

50  

100  

 

ώ ÌÏÇὼ 
 

Ø Ù ὰέὫØ 
1  

2  

4  

8  

16  

 

 

What common characteristics of these functions do you see?  In particular, determine the domain 

and range of the functions and any intercepts.  Also describe any characteristics of their graphs 

such as increasing/decreasing, asymptotes, end-behavior, etc.   

 

 

Use graphing technology to graph ώ ÌÏÇὼ.  Does your graph agree with your hand-drawn 

graph? 
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Use graphing technology to graph ώ ÌÏÇὼ.  (Remember you can write any logarithmic 

expression in terms of common logarithmsðthis will allow you to graph ώ ÌÏÇὼ with your 

technology.)  Does your graph agree with your hand-drawn graph? 

 

 

Use graphing technology to graph ώ ÌÎὼ.   
 

How does the graph of the logarithmic function change as the base b changes? 

 

 

Use graphing technology to graph each function.   

ώ ÌÏÇὼ   
ώ ÌÏÇὼ 
ώ ÌÎὼ 

 

 

How do these graphs compare to the graphs of ώ ÌÏÇὼ  and ώ ÌÏÇὼ and ώ ÌÎὼȩ   
 

Use what you know about transformations of functions to explain the relationship between ώ
ÌÏÇὼ and ώ ÌÏÇὼ?   

 

Does the same relationship hold for the graphs of  ώ ÌÏÇὼ and ώ ÌÏÇὼ?    

For ώ ÌÎὼ and ώ ÌÎὼ?   

In general, what is the relationship between  ώ ÌÏÇὼ  and   ώ ÌÏÇὼ? 

 

 

Graph ώ ÌÏÇὼ σ.  How does this graph compare to that of ώ ÌÏÇὼ?   

 

 

Based on what you know about transformations of functions, describe in words how  

ώ ÌÏÇὼ σ  transforms the parent function ώ ÌÏÇὼ.   
 

 

 

Use technology to graph ώ ÌÏÇσὼ υ.  Key attributes such as domain, asymptote, and 

intercepts can often be determined algebraically.  Consider the following questions to help you 

determine these attributes algebraically.  Confirm your solutions match what you see on the 

graph.   

To determine the domain, solve the inequality σὼ υ π.  Explain why this makes sense. 

To determine the asymptote, solve the equation σὼ υ π.  Explain why this makes sense.   

Use your understanding of the intercepts of any function to determine the intercepts of ώ
ÌÏÇσὼ υ.  HINT:  In general, how do you find the intercepts of any function?   

                   .   
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Use technology to graph ώ ÌÏÇσὼ ψ.  Determine its domain, asymptote, x-intercept, and 

y-intercept (if applicable) algebraically.  Confirm your solutions agree with the graph.   

 ώ ÌÏÇσὼ ψ 

 

Domain: ____________  Asymptote: ______________ 

 

x-intercept: __________  y-intercept: ______________ 
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How Long Does It Take?      Back to Task Table 
Mathematical Goals 

Represent a real-life situation with an exponential function 

Solve exponential equations graphically and algebraically with logarithms 

 

Georgia Standards of Excellence 

 

MGSE9-12.A.SSE.3 Choose and produce an equivalent form of an expression to reveal and 

explain properties of the quantity represented by the expression. (Limit to exponential and 

logarithmic functions.) 

  

MGSE9-12.A.SSE.3c Use the properties of exponents to transform expressions for exponential 

functions. For example, the expression 1.15t , where t is in years, can be rewritten as 

[1.15(1/12)] (12t) å 1.012(12t) to reveal the approximate equivalent monthly interest rate if the annual 

rate is 15%. 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.BF.5 Understand the inverse relationship between exponents and logarithms and 

use this relationship to solve problems involving logarithms and exponents.  

 

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

6. Attend to precision.  

7. Look for and make use of structure. 

8. Look for and express regularity in repeated reasoning. 

 

Introduction  

In this task students represent a situation with an exponential function.  The function is then used 

to answer related questions.  Students will use both graphical and algebraic approaches to solve 

exponential equations. 

 

Materials 
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Graphing calculator or some other graphing utility 

 

 

1. A Population Problem:  A new solar system was discovered far from the Milky Way in 

1999.  After much preparation, NASA decided to send a group of astronauts to explore 

Exponentia, one of the planets in the system.  Upon landing on the planet, the astronauts 

discovered life on the planet. Scientists named the creatures Viètians (vee-et-ee-ans), after 

the French mathematician François Viète who led the way in developing our present system 

of notating exponents.  After observing the species for a number of years, NASA biologists 

determined that the population was growing by 10% each year. 

a. The estimated number of Viètians was 1 million in 1999 and their population increases 

10% a year.  Complete the table to show the population for the next 4 years after 1999.  

 

Years since 1999 0 1 2 3 4 

Population in 

millions 
1 

1 + 

(.1)1 

1.1 

1.1 

1.1+(.1)(1.1) 

=1.1(1+.1) 

=1.1(1.1) 

=(1.1)2 =1.21 

million 

(1.1)2+.1(1.1)2 

=(1.1)2(1+.1)  

=(1.1)2(1.1) 

 = (1.1)3 

=1.331 million  

1.4641 

million 

 

b. Write an equation for the population of Exponentia, P, as a function of the number of 

years, t, since 1999.  How can you express the population as an expression in the table 

rather than as a computed value to help you see patterns to create the function? 

 

 Solution:   P(t) =1.1t , where population is measured in millions 

 

c. What was the population in 2005? What will the population be in 2015 if the population 

growth rate remains the same? 

 

 Solution:   

2005 is 6 years after 1999.  Thus, we find   P(6) = 1.771561million = 1,771,561 Viètians.  

2015 is 16 years after 1999.  We find P(16) =1.116 = 4.594972986 million = 4,594,972 Viètians. 

 

d. Use technology to graph the function in part (b) . 

Solution:  The horizontal axis represents the number of years since 1999 and the vertical axis 

represents the population in millions.   

 

i. In the context of this problem about the population of Exponentia, what 

are the domain and range?   

  Domain: _______________  Range: ________________ 
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   Solution: Domain: non-negative real numbers (the variable is the   

  number of years since 1999 so ὸ π.   Range: y > 1.1  

 

ii. What are some characteristics of the graph you can identify?   

Solution: The y-intercept is 1 and this occurs at t = 0; this means there were 

1 million people 0 years after 1999 (so in the year 1999).  Also, the 

population is increasing.  It is not a linear relationship.  WARNING:  We 

canôt be sure the function will continue to model the population of 

Exponentia; it will continue to model the population only if the growth rate 

continues to be 10% per year.   

e. Suppose you want to know when the population reached 2 million.  Write an equation 

that could be solved to answer this question.  Determine the answer graphically and 

algebraically.   

 

Solution:   ρȢρ ς.  Graphically, we could see where the line y = 2 intersects the graph in part 

(d).  The point of intersection is (7.2725, 2) so it took approximately 7.3 years after 1999 for the 

population to reach 2 million.   Algebraically, we have ὰέὫȢς ὼ  so 
 

 Ȣ
 or approx 7.3 

years.   

 

2. Suppose there are 25 bacteria in a Petri dish, and the number of bacteria doubles every 4 

hours.   

a. How many bacteria will there be in 4 hours?  In 8 hours?  1 hour?  2 hours?  Record your 

answers in the table.  Explain how you came up with your answers. (You can return to 

your answers later to make any corrections if you find your strategy was incorrect.) 

Time (hours)  0 1 2 4 8 

Number of bacteria 25     

Solution: 

(Explanations will vary. At this point, students may not have the answers for 1 hour and 2 hours 

correct. They will be able to go back and correct it.) 

b. Write a function for the number of bacteria present after t hours.  What does your 

exponent need to represent?  How can you determine this exponent if you know the 

number of hours that has passed? 

 

Solution: P(t) = 25(2)t/4 

 

c. Use the function to check your answers that you wrote in the table of part (a).  Do you 

need to make any corrections?  If so, make these corrections.     

 

d. Use your function to determine the number of bacteria after 24 hours. 

P(24) = 1600 bacteria 
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e. Determine how long it will take to have 5000 bacteria.  Determine the answer graphically 

and algebraically.  

 

In a little over 30 hours.   

 

f. The bacteria double every 4 hours.  Suppose we want to know the growth rate per hour.  

Use properties of exponents to rewrite the function you obtained in part (b) so the 

exponent is t, not  .  How can you now determine the growth rate per hour? 
 

ὖὸ ςυς ςυς         Now ς ρȢρψως so   ὖὸ ςυρȢρψως ςυρ Ȣρψως   

Since t is measured in hours this means that the population is 1.1892 times what it was the 

previous hour.  Thus, it must have increased by a factor of .1892 or by 18.92%.   

 

3. Suppose for a particular patient and dosing regimen a drug reaches its peak level of 300 mg 

in the bloodstream.  The drug is then eliminated from the bloodstream at a rate of 20% per 

hour.     

a. How much of the drug remains in the bloodstream 2 hours after it reaches its peak 

level of 300 mg?  How much is there 5 hours after the peak level? Make a table of 

values to record your answers. So that a pattern is more apparent, write the 

expressions used to obtain your answers. 

 

Time (hours) since 

reaching peak level 

0 1 2 3 4 5 

Amount of drug (mg) 

in bloodstream 

300 240 192 153.6 122.88 98.304 

 

300*(1 -.2) = 240; 240 * .8 = 192; 192 * .8 = 153.6; 153.6 * .8 = 122.88; 122.88 * .8 = 98.304 

 

b. Using your work from part (a), write expressions for each computed value using 

the initial amount, 300 mg.   

Solution:   

Because 20% is eliminated every hour, 80% of the drug remains in the bloodstream every hour.   

  After 1 hour: 300 * (.8) = 240; after 2 hours: 300 * (.8)2 = 192; 

  after 3 hours: 300 * (.8)3 = 153.6; after 4 hours: 300 * (.8)4 = 122.88; 

  after 5 hours: 300 * (.8)5 = 98.304 

 

c. Write a function f that gives the amount of the drug in the patientôs bloodstream  t 

hours after reaching its peak level.   

 

Solution:  f(x) = 300(.8)t 

 

d. Use the function you wrote in part (c) to compute the amount of the drug after 1 

hour, 2 hours, 3 hours, 4 hours, and 5 hours.   Are these amounts the same as 

those you wrote in the table in part (a)? 
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Solution:  f(0) = 300(.8)0 = 300 

  f(1) = 300(.8)1 = 240 

  f(2) = 300(.8)2 = 192 

  f(3) = 300(.8)3 = 153.6 

  f(4) = 300(.8)4 = 122.88 

  f(5) = 300(.8)5 = 98.304 

 

e. Use technology to graph the function.  Explain how to use the graph to determine 

how long it will take to have less than 10 mg of the drug in the bloodstream.   

 

Solution:  Using a graph, we can trace the graph to determine where the vitamin concentration 

dips below 10 mg. This occurs around 15.3 hours. 

 

f. Write an equation that you could solve to determine when exactly 10 mg of the 

drug remains in the bloodstream.  Solve the equation algebraically.  Can you use 

the solution to this equation to answer the question in part (e)?    

 

Solution: The equation is 300(.8)t = 10.   Ą   .8t = 1/30.   The solution is approximately 15.24 

hours or approximately 15 hours, 14 minutes, 24 seconds. 

 

4. Which of the problems in this section represent exponential growth?  Which represent 

exponential decay?  

 

Problems 1 & 2 are examples of exponential growth; problem 3 is exponential decay.  
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How Long Does It Take? 

1. A Population Problem:  A new solar system was discovered far from the Milky Way in 1999.  

After much preparation, NASA decided to send a group of astronauts to explore Exponentia, 

one of the planets in the system.  Upon landing on the planet, the astronauts discovered life 

on the planet. Scientists named the creatures Viètians (vee-et-ee-ans), after the French 

mathematician François Viète who led the way in developing our present system of notating 

exponents.  After observing the species for a number of years, NASA biologists determined 

that the population was growing by 10% each year. 

a. The estimated number of Viètians was 1 million in 1999 and their population increases 

10% a year.  Complete the table to show the population for the next 4 years after 1999.  

 

Years since 

1999 

0 1 2 3 4 

Population in 

millions 

1     

 

b.  Write an equation for the population of Exponentia, P, as a function of the number of 

years, t, since 1999.  How can you express the population as an expression in the table 

rather than as a computed value to help you see patterns to create the function? 

 

  

c. What was the population in 2005? What will the population be in 2015 if the population 

growth rate remains the same? 

 

 

d. Use technology to graph the function in part (b) . 

 

i. In the context of this problem about the population of Exponentia, what 

are the domain and range?   

  Domain: _______________  Range: ________________ 

 

    

ii. What are some characteristics of the graph you can identify?   

 

e. Suppose you want to know when the population reached 2 million.  Write an equation 

that could be solved to answer this question.  Determine the answer graphically and 

algebraically.   
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2. Suppose there are 25 bacteria in a Petri dish, and the number of bacteria doubles every 4 

hours.   

a. How many bacteria will there be in 4 hours?  In 8 hours?  1 hour?  2 hours?  Record your 

answers in the table.  Explain how you came up with your answers. (You can return to 

your answers later to make any corrections if you find your strategy was incorrect.) 

Time (hours)  0 1 2 4 8 

Number of bacteria 25     

 

 

b. Write a function for the number of bacteria present after t hours.  What does your 

exponent need to represent?  How can you determine this exponent if you know the 

number of hours that has passed? 

 

 

c. Use the function to check your answers that you wrote in the table of part (a).  Do you 

need to make any corrections?  If so, make these corrections.     

 

d. Use your function to determine the number of bacteria after 24 hours. 

 

 

e. Determine how long it will take to have 5000 bacteria.  Determine the answer graphically 

and algebraically.  

 

 

f. The bacteria double every 4 hours.  Suppose we want to know the growth rate per hour.  

Use properties of exponents to rewrite the function you obtained in part (b) so the 

exponent is t, not  .  How can you now determine the growth rate per hour? 

 

3. Suppose for a particular patient and dosing regimen a drug reaches its peak level of 300 mg 

in the bloodstream.  The drug is then eliminated from the bloodstream at a rate of 20% per 

hour.     

a. How much of the drug remains in the bloodstream 2 hours after it reaches its peak 

level of 300 mg?  How much is there 5 hours after the peak level? Make a table of 

values to record your answers. So that a pattern is more apparent, write the 

expressions used to obtain your answers. 

 

Time (hours) since 

reaching peak level 

0 1 2 3 4 5 

Amount of drug (mg) in 

bloodstream 

300      
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b. Using your work from part (a), write expressions for each computed value using 

the initial amount, 300 mg.   

 

 

c. Write a function f that gives the amount of the drug in the patientôs bloodstream  t 

hours after reaching its peak level.   

 
 

d. Use the function you wrote in part (c) to compute the amount of the drug after 1 

hour, 2 hours, 3 hours, 4 hours, and 5 hours.   Are these amounts the same as 

those you wrote in the table in part (a)? 

 

e. Use technology to graph the function.  Explain how to use the graph to determine 

how long it will take to have less than 10 mg of the drug in the bloodstream.   

 

f. Write an equation that you could solve to determine when exactly 10 mg of the 

drug remains in the bloodstream.  Solve the equation algebraically.  Can you use 

the solution to this equation to answer the question in part (e)?    

 

 

4. Which of the problems in this section represent exponential growth?  Which represent 

exponential decay?
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Zombies Revisited ï Can You Model Zombie Growth? (Spotlight Task) 
Back to Task Table 

 

Mathematical Goals 

Represent a supposedly real-life situation with an exponential function 

Solve exponential equations graphically and algebraically with logarithms 

 

Georgia Standards of Excellence 

 

MGSE9-12.A.SSE.3 Choose and produce an equivalent form of an expression to reveal and 

explain properties of the quantity represented by the expression. (Limit to exponential and 

logarithmic functions.) 

  

MGSE9-12.A.SSE.3c Use the properties of exponents to transform expressions for exponential 

functions. For example, the expression 1.15t , where t is in years, can be rewritten as 

[1.15(1/12)] (12t) å 1.012(12t) to reveal the approximate equivalent monthly interest rate if the annual 

rate is 15%. 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.BF.5 Understand the inverse relationship between exponents and logarithms and 

use this relationship to solve problems involving logarithms and exponents.  

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

6. Attend to precision.  

7. Look for and make use of structure. 

8. Look for and express regularity in repeated reasoning. 

 

Introduction  

This task comes after ñHow Long Does it Take?ò because that task shows them how to create an 

equation for an exponential equation given certain characteristics.  This task really zones in on 

true understanding of not only exponential growth, but also how that would affect their graphing 
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choices.  The numbers get so big that students will have to make decisions about the best way to 

represent the phenomena in a way that makes sense.  With an AC or Honors class, an 

exploration into logarithmic graph paper and how it scales values from small to very large could 

be interesting for students to see their logarithmic graph suddenly become linear!
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As you probably know, The Walking Dead is filmed in Georgia.  That makes 

Georgia PRIME location for a Zombie Apocalypse. 

If each Georgia Zombie is able to bite three people every 7 days, and the 

entire state of Georgia has an estimated 9,919,945 as of 2013.*,write the 

equation that models Zombie Growth in the State of Georgia. 

ᾀὼ ρz τ  

Create a chart showing the growth.  
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0 1 11 8.8 22 78 33 689.1 44 6086.6 55 53761.5 77 4194304 

1 1.2 12 10.8 23 95.1 34 840 45 7419.7 56 65536 78 5112913.8 

2 1.5 13 13.1 24 115.9 35 1024 46 9044.7 57 79889.3 79 6232711.8 

3 1.8 14 16 25 141.3 36 1248.3 47 11025.6 58 97386.1 80 7597760.8 

4 2.2 15 19.5 26 172.3 37 1521.7 48 13440.4 59 118715 81 9261774.1 

5 2.7 16 23.8 27 210 38 1854.9 49 16384 60 144715.2 82 11290229.1 

6 3.3 17 29 28 256 39 2261.2 50 19972.3 61 176409.8 83 13762943.5 

7 4 18 35.3 29 312.1 40 2756.4 51 24346.5 62 215046 84 16777216 

8 4.9 19 43.1 30 380.4 41 3360.1 52 29678.8 63 262144 85 20451655.4 

9 5.9 20 52.5 31 463.7 42 4096 53 36178.8 64 319557.1 86 24930847.2 

10 7.2 21 64 32 565.3 43 4993.1 54 44102.5 65 389544.5 87 30391043.1 

 

Graph the equation on graph paper that models the growth and that demonstrates the point at 

which all citizens of Georgia would (theoretically) be zombies.   

Notice the graphé..the number of zombies present for several days is almost imperceptible 

from this distance.  Bu then something very interesting happens.  It shoots up very quickly. 

It is advised, by the way, that you NOT give too much help on this graph, and do not to give 

students pre-defined axe that you have already set up appropriately for them, although it IS a 

good idea to require that the graph be on graph paper and (somewhat) proportional to the 

actual situation.   The  reason for this is that students should grapple with graphing in terms 

of how big to make the axes, what incremental units to use, and how big to make each unit.  

The notion that they need to go at least as high as the phenomenon they want to see (2013 

population in the state of Georgia) and that they need to start at the beginning isnôt automatic. 

The idea that itôs a good idea to test values in the equation to get a handle on how to create a 

graph also is a skill they can only learn if we do not give too cooperative a set of axes.  But do 

have plenty of graph paper on hand. This type of grappling with data does take extra paper 

(See Next Page) 

http://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&docid=z_i7DrodfSmywM&tbnid=3twV3BcQkBRNBM:&ved=0CAUQjRw&url=http://comicbook.com/blog/2013/02/03/the-walking-dead-on-cover-of-georgia-travel-guide/&ei=Y7eQU8WVONKQqgbR14LoDw&bvm=bv.68445247,d.b2k&psig=AFQjCNGrd_bcYCHqVCILJ3voXn-40Sto-A&ust=14020794589216
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When will Georgia be overrun with zombies?  Calculate it down to the second. 
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Sometime halfway in between 81 and 82 days, the population of zombies exceeds the population 

of Georgia.   

To Solve 

.  

To Convert All the Way Down to Seconds 

:  

 

81 days, 8 hours, 19 minutes, and 11 seconds. 

 

 

 

*http://www.worldpopulationstatistics.com/georgia-population-2013/. 

http://www.worldpopulationstatistics.com/georgia-population-2013/
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Zombies Revisited ï Can You Model Zombie Growth? (Spotlight Task) 

 
As you probably know, The Walking Dead is filmed in Georgia.  That makes Georgia PRIME 

location for a Zombie Apocalypse. 

If each Georgia Zombie is able to bite three people every 7 days, and the entire state of Georgia 

has an estimated 9,919,945 as of 2013*, write the equation that models Zombie Growth in the 

State of Georgia. 

 

 

Create a chart showing the growth.  

 

 

 

 

 

 

 

Graph the equation on graph paper that models the growth and that demonstrates the point at 

which all citizens of Georgia would (theoretically) be zombies.   

 

 

 

When will Georgia be overrun with zombies?  Calculate it down to the second. 

 

 

 

*http://www.worldpopulationstatistics.com/georgia-population-2013/.  

http://www.worldpopulationstatistics.com/georgia-population-2013/
http://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&docid=z_i7DrodfSmywM&tbnid=3twV3BcQkBRNBM:&ved=0CAUQjRw&url=http://comicbook.com/blog/2013/02/03/the-walking-dead-on-cover-of-georgia-travel-guide/&ei=Y7eQU8WVONKQqgbR14LoDw&bvm=bv.68445247,d.b2k&psig=AFQjCNGrd_bcYCHqVCILJ3voXn-40Sto-A&ust=14020794589216
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Half -Life          Back to Task Table 
Mathematical Goals 

Understand the concept of half-life 

Use an exponential function to represent a half-life situation 

Solve exponential equations graphically and algebraically using logarithms 

 

Georgia Standards of Excellence 

 

MGSE9-12.A.SSE.3 Choose and produce an equivalent form of an expression to reveal and 

explain properties of the quantity represented by the expression. (Limit to exponential and 

logarithmic functions.) 

  

MGSE9-12.A.SSE.3c Use the properties of exponents to transform expressions for exponential 

functions. For example, the expression 1.15t , where t is in years, can be rewritten as 

[1.15(1/12)] (12t) å 1.012(12t) to reveal the approximate equivalent monthly interest rate if the annual 

rate is 15%. 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.BF.5 Understand the inverse relationship between exponents and logarithms and 

use this relationship to solve problems involving logarithms and exponents.  

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

6. Attend to precision.  

7. Look for and make use of structure. 

8. Look for and express regularity in repeated reasoning. 
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Introduction  

This task includes several problems about half-life.   

 

Materials 

Graphing calculator or some other graphing utility 

 

Problem 1: A Caffeine Problem   The half-life of caffeine is 5 hours; this means that 

approximately ½ of the caffeine in the bloodstream is eliminated every 5 hours.  Suppose you 

drink a can of Instant Energy, a 16-ounce energy drink that contains 80 mg of caffeine. Suppose 

the caffeine in your bloodstream peaks at 80 mg.   

 

How much caffeine will remain in your bloodstream after 5 hours? 10 hours? 1 hour? 2 hours?  

Record your answers in the table.  Explain how you came up with your answers. (You can return 

to your answers later to make any corrections if you find your strategy was incorrect.) 

Time (hours) since 

peak level reached 

0 1 2 5 10 

Caffeine in 

bloodstream (mg) 

80 69.644 60.629 40 20 

 

(Explanations will vary. At this point, students may not have the answers for 1 hour and 2 hours 

correct. They will be able to go back and correct it.) 

 

Write an exponential function f to model the amount of caffeine remaining in the blood stream  t  

hours after the peak level.  What does your exponent need to represent?  How can you determine 

this exponent if you know the number of hours that has passed? 

 

Solution: f(t) = 80(.5)t/5  

 

Use the function you wrote in question (2) to check your answers for the table in question (1).  

Make any necessary corrections. (Be careful when entering fractional exponents in the 

calculator. Use parentheses.)  

 

Solution: f(0) = 80(.5)0/5 = 80; f(1) = 80(.5)1/5 = 69.644; f(2) = 80(.5)2/5 = 60.629; f(5) = 80(.5)1 

= 40; f(10) = 80(.5)2 = 20 

 

Determine the amount of caffeine remaining in the bloodstream 3 hours after the peak level.  

What about 8 hours after peak level? 20 hours?  

 

Solution: f(3) = 80(.5)3/5 = 52.78; f(8) = 80(.5)8/5 = 26.39; f(20) = 80(.5)4 = 5 

 

The half-life of caffeine varies among individuals.  For example, some medications extend the 

half-life to 8 hours.  This means that ½ of the caffeine is eliminated from the bloodstream every 

8 hours.   

 

Write a function for this new half-life time (assuming a peak level of 80 mg of caffeine).   
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Solution: f(t) = 80(.5)t/8 

 

Determine the amount of caffeine in the bloodstream after 1 hour, 2 hours, 5 hours, 10 hours, and 

20 hours. (Be sure to consider how many 8-hour time intervals are used in each time value.)  

Solution:      after 1 hour  approx  73.4 mg;   after 2 hrs approx 67.3 mg ;   

after 5 hrs  approx 51.9 mg  ;   after 10 hrs approx  33.6 mg;    after 20 hrs approx 14.1 mg 

 

Which half-life time results in the caffeine being eliminated faster? Explain why this makes 

sense. 

Solution: The caffeine is eliminated faster with a half-life of 5 hours than with a half-life of 8 

hours.  To make sense of this, consider an 8- hour period of time.  With a half-life of 8 hours, 

there is still ½ of the caffeine after this 8-hour period of time.  However, with a half-life of 5 

hours ½ of the caffeine was eliminated in 5 hours so for the next 3 hours of the 8-hour time 

period more of the caffeine is being eliminated.  Thus, a half-life of 5 hours is eliminating the 

caffeine faster.   

 

Consider again the function in question (2) resulting from a half-life of caffeine of 5 hours. Use 

the properties of exponents to rewrite the function so the exponent is just t, not   .  Can you now 

determine the percent of caffeine that remains in the bloodstream each hour?  Explain how.     

 

About 87% of the amount in the preceding hour 

 

The function in question (5) referred to a half-life of 8 hours.   Use properties of exponents to 

help you determine the percent of caffeine that remains in the bloodstream each hour?   

 

About 92% 

 

Graph the functions from questions (2) and (5) on the same coordinate plane.  Compare the 

graphs of the two functions.  How are the graphs similar?  Different? 

  

 

Do the graphs intersect? Where? 

 

The graphs intersect only at (0, 80).  In both situations, the beginning amount of caffeine is 80 

mg but the caffeine is eliminated more quickly with a half-life of 5 years than with 8 years so the 

graph of f(t) = 80(.5)t/5 (blue graph) decreases faster than the graph of f(t) = 80(.5)t/8 (red 

graph). 
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Problem 2: Carbon-Dating   Scientists use carbon-dating to determine the ages of once-living 

things. The radioactive isotope carbon-14 (C14) is widely used in radiocarbon dating. This form 

of carbon is formed when plants absorb atmospheric carbon dioxide into their organic material 

during photosynthesis.  Animals eat the plants which introduces carbon into their bodies.  After 

the organism dies, no more C14 is formed and the C14 in the material decays without being 

replaced.   The half-life of carbon-14 is approximately 5730 years; this means that it takes 5730 

years for half of the amount of carbon-14 in the material to decay.  

 

An archaeologist found a piece of human bone fragment.  How long will it take for there to be 

only 50% of the amount of C14 in the bone fragment?   

5730 years 

 

Examine the way the table below has been set up.  Explain why inputs of time are represented as  

5730,    2(5730),   and  3(5730).      

 

Time since death  

(yrs) 

0 5730 2(5730) 3(5730) 

Proportion of 

C14 remaining 

1 1(.5) = .51 1(.5)(.5) = .52 = 

.25 

1(.5)(.5)(.5) =.53 

=.125 

 

Complete the table above.  So that you can more easily determine the function, write the 

EXPRESSIONS that lead to the computed proportions.  Do these help you see a pattern?  

 

The exponent is the number of half-lives so you must divided by 5730 to determine the number of 

half-lives for a given number of years. 

 

Find a function f  that represents the proportion of the initial C14 remaining in the fragment  t 

years after the death of the person to which it belonged.    
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 Ὢὸ Ȣυ  

 

Based on the values in the table, can you estimate the percent of C14 remaining in the fragment 

2000 years after the personôs death?  Explain your thinking.   

 

Ὢςπππ Ȣυ .785       Thus, about 78.5% remains 2000 years after death. 

 

Graph the function.  Graphically determine the percent of C14 remaining in the fragment 2000 

years after the personôs death.  How do you determine the answer algebraically?   

 

It is determined that the fragment contains 64% of the amount of C14 that is normally found in 

the bone of a living person.  Approximately how long ago did the person die? 

 

Ȣφτ Ȣυ  

ὰέὫȢ Ȣφτ          so    ὸ υχσπὰέὫȢ Ȣφτ     which is about 3689 years.  
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Half -Life  
Problem 1: A Caffeine Problem: The half-life of caffeine is 5 hours; this means that 

approximately ½ of the caffeine in the bloodstream is eliminated every 5 hours.  Suppose you 

drink a can of Instant Energy, a 16-ounce energy drink that contains 80 mg of caffeine. Suppose 

the caffeine in your bloodstream peaks at 80 mg.   

 

How much caffeine will remain in your bloodstream after 5 hours? 10 hours? 1 hour? 2 hours?  

Record your answers in the table.  Explain how you came up with your answers. (You can return 

to your answers later to make any corrections if you find your strategy was incorrect.) 

Time (hours) since 

peak level reached 

0 1 2 5 10 

Caffeine in 

bloodstream (mg) 

80     

 

Write an exponential function f to model the amount of caffeine remaining in the blood stream t 

hours after the peak level.  What does your exponent need to represent?  How can you determine 

this exponent if you know the number of hours that has passed? 

 

 

 

 

 

Use the function you wrote in part (b) to check your answers for the table in part (a).  Make any 

necessary corrections. (Be careful when entering fractional exponents in the calculator. Use 

parentheses.)  

 

 

 

 

Determine the amount of caffeine remaining in the bloodstream 3 hours after the peak level.  

What about 8 hours after peak level? 20 hours?  

 

 

 

The half-life of caffeine varies among individuals.  For example, some medications extend the 

half-life to 8 hours.  This means that ½ of the caffeine is eliminated from the bloodstream every 

8 hours.   

Write a function for this new half-life time (assuming a peak level of 80 mg of caffeine).   

 

Determine the amount of caffeine in the bloodstream after 1 hour, 2 hours, 5 hours, 10 hours, and 

20 hours. (Be sure to consider how many 8-hour time intervals are used in each time value.)  

 

Which half-life time results in the caffeine being eliminated faster? Explain why this makes 

sense. 
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Consider again the function in question (2) resulting from a half-life of caffeine of 5 hours. Use 

the laws of exponents to rewrite the function so the exponent is just t, not .  Can you now 

determine the percent of caffeine that remains in the bloodstream each hour?  Explain how.   

 

The function in question (5) referred to a half-life of 8 hours.   Use properties of exponents to 

help you determine the percent of caffeine that remains in the bloodstream each hour?   

 

 

Graph the functions from questions (2) and (5) on the same coordinate plane.  Compare the 

graphs of the two functions.  How are the graphs similar?  Different?     

 

 

Do the graphs intersect? Where? 

 

 

 

 

 

Problem 2:  Carbon-Dating:  Scientists use carbon-dating to determine the ages of once-living 

things. The radioactive isotope carbon-14 (C14) is widely used in radiocarbon dating. This form 

of carbon is formed when plants absorb atmospheric carbon dioxide into their organic material 

during photosynthesis.  Animals eat the plants which introduces carbon into their bodies.  After 

the organism dies, no more C14 is formed and the C14 in the material decays without being 

replaced.   The half-life of carbon-14 is approximately 5730 years; this means that it takes 5730 

years for half of the amount of carbon-14 in the material to decay.  

 

An archaeologist found a piece of human bone fragment.  How long will it take for there to be 

only 50% of the amount of C14 in the bone fragment?   

 

 

 

Examine the way the table below has been set up.  Explain why inputs of time are represented as 

5730,    2(5730),   and   3(5730).      

 

Time since death  

(yrs) 

0 5730 2(5730) 3(5730) 

Proportion of 

C14 remaining 

1    

 

Complete the table above.  So that you can more easily determine the function, write the 

EXPRESSIONS that lead to the computed proportions.  Do these help you see a pattern?  
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Find a function  f  that represents the proportion of the initial C14 remaining in the fragment  t 

years after the death of the person to which it belonged.    

 

 

 

 

Based on the values in the table, can you estimate the percent of C14 remaining in the fragment 

2000 years after the personôs death?  Explain your thinking.   

 

 

 

 

Graph the function.  Graphically determine the percent of C14 remaining in the fragment 2000 

years after the personôs death.  How do you determine the answer algebraically?   

 

 

 

 

 

 

 

 

 

 

 

It is determined that the fragment contains 64% of the amount of C14 that is normally found in 

the bone of a living person.  Approximately how long ago did the person die? 
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How Does Your Money Grow?    Back to Task Table 
Mathematical Goals 

Meaningfully develop the formulas for compounded and continuously compounded interest 

Recognize compounded interest as a special application of an exponential function 

Solve problems involving compounded interest 

 

Georgia Standards of Excellence 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.BF.5 Understand the inverse relationship between exponents and logarithms and 

use this relationship to solve problems involving logarithms and exponents.  

 

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

6. Attend to precision.  

7. Look for and make use of structure. 

8. Look for and express regularity in repeated reasoning. 

 

Introduction  

In this task the formulas for compounded interest are developed in a meaningful way.   

 

Materials 

Graphing calculator or some other graphing utility 

Be sure to explain what compounded interest meansðthat you are earning interest on interest.   

1. Suppose you invest $1000 in a savings account that earns 3% interest compounded per 

year.  This amount that you invest is called your principal.  

a. How much money will you have at the end of year 1?  After 2 years?  After 6 

years?  Organize your work in the table.   
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Time in Years 0 1 2 3 4 5 

Total Amount o f 

Money 
1000 1030 1061 1093 1126 1159 

 

b. Write a function to express the total amount of money A in terms of the number of  

years t.   

 

Each year you have the previous amount together with 3% of the previous amount.  So, each 

yearôs amount is 1.03 times the previous yearôs amount.  

ὃὸ ρπππρȢπσ  

 

2. Suppose you invest $1000 at 3% per year but instead of earning the interest yearly, the 

account earns the interest compounded semi-annually.  Thus, each quarter you earn ½ of 

the 3% interest or  % interest per quarter .   

a. Why?  (Do you see that  % is equivalent to 
Ȣ

 ?)  

b.  Complete the table to show the amount of money you have. 

 

Time in quarters 0 1 
2 

3 
4 

5 
(1 yr) (2 yrs) 

Total amt of money 1000 1015 1030 1046 1061 1077 

 

 

c. After 1 year, how does the amount of money in problem 2 compare to that in 

problem 1?  What caused the difference in the amounts?   

 

The interest at the end of 1 year and at the end of 2 years when the interest is compounded 

semiannually is slightly larger than when it is compounded yearly.  The increase in the number 

of compounding periods per year caused the increase. 

 

d. The function you wrote in part (b) of question (1) now becomes 

 ὃὸ ρπππρ
Ȣ

.     Explain why. 
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In the next sequence of questions, the goal is to write the function you wrote in part (b) of 

question (1) in a more general way.  Consider the sequence of questions carefully, paying close 

attention to patterns.   

 

e. How would your function in part (d) of question (2) change if your interest was 

compounded quarterly?   How would your function in part (d) of question (2) 

change if your interest was compounded monthly?       

   Quarterly:     ὃὸ ρπππρ
Ȣ

 

    Monthly:      ὃὸ ρπππρ
Ȣ

 

 

f. Look for patterns.  How would your function in part (d) of question (2) change if 

your interest was compounded n times per year?  Write this function. 

 

ὃὸ ρπππρ
Ȣπσ

ὲ
 

 

g. Now take the function you wrote in part (f) of question (2).  How would this 

function change if the annual interest rate was 5.2%?    

 

ὃὸ ρπππρ
Ȣ

  

     

h. Look for patterns.  How would the function in part (g) of question (2) change if 

the annual interest rate was  r?  Write this function. 

 

  ὃὸ ρπππρ  

  

i. Finally, if the amount of money invested was $850, how would the function you 

wrote in part (h) of question (2) change? 

 

  ὃὸ ψυπρ  

 

j. Look for patterns.  How would the function in part (i) of question (2) change if 

the amount invested were represented by P?  Write this function.  

 

ὃὸ ὖ ρ
ὶ

ὲ
 

 

Congratulations!!  If all has gone well with the above questions in part (e - j) of question (2), you 

have just written a generalization for the total amount of money A  a person would have if he 

invests an initial amount  P at an annual rate   r   compounded   n  times per year for t years!!!  
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You should have gotten ὸ ὖρ  .    If you did not get this, go back to find your error.  

This formula is referred to as the compounded interest formula.  The formula is more commonly 

expressed as   ὃ ὖ ρ . 

 

Often money is compounded continuously rather than compounded 4 times a year or 12  times a 

year, or some other finite number of times per year.  When money is compounded continuously, 

we use the continuously compounded interest formula  ὃ ὖὩ  where P is the initial amount of 

money (or principal) invested at a yearly rate r compounded continuously for t years.  This 

formula uses the irrational number e which equals 2.718281828é Since e is irrational, it neither 

terminates nor repeats.  But where does the formula ὃ ὖὩ  come from and what does it mean 

to say that ñinterest is compounded continuouslyò?  Letôs make sense of this.   

The continuously compounded interest formula comes from ὃ ὖρ .  To get a sense of 

what is happening, letôs simplify the situation to consider $1 invested at 100% per year for 1 

year.  If you substitute this information into ὃ ὖρ , you get ὃ ρρ  which is 

equivalent to  ὃ ρ . Why? 

 

When money is compounded continuously, you can imagine that the number of times it is 

compounded per year gets infinitely largeðthat is, n gets infinitely large.  Use technology to 

investigate what happens to the expression  ρ  as n increases in value.  Record the value 

of  ρ  for each value of n.  (Some values of n are given in the table.)   

 

Frequency of 

Compounding 

Number of times 

compounded in a year 

(n) 

ρ
ρ

ὲ
 

Annually 1 2 

Semiannually 2 2.25 

Quarterly 4 2.44140625 

Monthly 12 2.61303529022 

Weekly 52 2.69255969544 

Daily 365 2.71456748202 

Hourly 8760 2.71812669063 

Every Minute 525600 2.7182792154 

Every Second 31536000 2.71828247254 

 

 

Examine your data in the table.   As the number of compounding times gets infinitely large, what 

happens to the value of  ρ   ?  What do you think would happen if you continued to use 

larger and larger values of n?  (Try it!) 
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Solution: As the value of n increases, ρ  gets closer to the value of e.  If we continued to 

use larger and larger values of n,  we would get closer and closer to the value of e. 

 

 

 

Letôs see what happens if we invest $1 at rates different from 100% for 1 year; this time we will 

use  r  for our annual rate of interest so that we can let  r  vary.   Again, we want the number of 

times the interest is compounded per year to increase.  The formula   ὃ ὖρ  now 

becomes ὃ ρρ  which is equivalent to ὃ ρ .  Why?      

 

With technology, investigate what happens to the expression ρ as n gets infinitely large.  

You will investigate this expression for different values of r.  Begin by letting  

r = 90% or .9.  Then you are looking at ρ
Ȣ

as n increases in value.  You can then consider r 

= 80% or .8 so you are investigating ρ
Ȣ

.  The following table can help you organize your 

work.  In the final column you can choose your own value of r to create the expression  ρ  

.  Remember there is no limit on the value of n; instead, n continues to get larger and larger! 

 

Frequency of 

Compounding 

Number of times 

compounded in a 

year (n) 

ρ
Ȣω

ὲ
 ρ

Ȣψ

ὲ
 

 

Annual 1 1.9 1.8  

Semiannual 2 2.1025 1.96  

Quarterly 4 2.2519 2.0736  

Monthly 12 2.3818 2.1694  

Weekly 52 2.4407 2.212  

Daily 365 2.4569 2.2236  

Hourly 8760 2.4595 2.2255  

Every Minute 525600 2.4596 2.2255  

Every Second 31536000 2.4596 2.2255  

 

 

Examine the data in the table.  As the number of compounding times gets infinitely large, what 

happens to the value of ρ ?  Do you see for each value of r the value of ρ appears 

to be getting closer to a particular number?   Letôs see if we can determine what that number is.  

As a suggestion, use your calculator to evaluate   ὩȢ.  Now evaluate   ὩȢ.  Conjecture?  What 

number do you think  ρ gets closer to as n gets larger and larger?  Test your conjecture for 

different values of r and LARGE values of n! 
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 Did you see that as n increases in value, the expression ρ gets closer and closer to the 

value of  Ὡ for any value  r?  Therefore, if we are compounding interest continuously, the 

compound interest formula ὃ ὖρ  becomes ὃ ὖὩ   because  ρ  can be 

replaced with the value  Ὡ  for infinitely large values of n.  Show how.   

   

ὃ ὖρ
ὶ

ὲ
ὖ ρ

ὶ

ὲ
ὖ Ὡ ὖὩ  

 

 

Assume your friend, Natalie, has $10,000 to invest.  Complete the following chart to show how 

much she would earn if her money was invested in each of the specified accounts for 10 years.  

Frequency of 

compounding 

Annual interest 

rate 

Formula with values 

substituted in 

Amount after 10 

years 

 Quarterly 3.65% A = 10,000(1 + 

.0365/4)^40 

$14,381.32 

 Monthly 3.65% A = 10,000(1 + 

.0365/12)^(120) 

$14,397.16 

 Continuously 3.6% A = 

10,000e^(.036*10) 

$14,333.29 

 

Which account would you suggest for Natalie? ________________ 

 

Solution: Natalie would make the most money with the account in which the interest is 

compounded monthly at 3.65% per year. 

 

Natalie is particularly interested in how long it will take her money to double if she invests her 

$10,000 at 3.65% compounded  monthly .   

The equation that will help us determine how long it will take Natalieôs money to double is 

                        ρππππ ρ
Ȣ

ςππππ  .   
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Explain why this equation is correct. 

 

Weôve used the compounded interest formula for investing $1000 at 3.65% compounded 12 times 

per year but we donôt know how many years so we leave the variable t; we want the amount to be 

$20,000 so these are set equal to each other. 

 

The above equation is equivalent to    ρ
Ȣ

ς.  Explain why. 

 

Divided both sides by 10000. 

 

Use logarithms to solve the equation to find out how long it will take for her money to double. 

ρ
Ȣπσφυ

ρς
ς 

 

 ρȢππσπτρφφχς 
 

ὰέὫȢ ς ρςὸ 
 

ὰέὫς

ὰέὫρȢππσπτρφφχ
ρςὸ 

 
ςςψȢςσπτπςχρςὸ 
ὸ ρω ώὩὥὶί 

 

Natalie is also interested in how long it will take her $10,000 to double if she invested it at 3.7% 

compounded continuously.   

The equation that can be solved to answer this question is 

  ρππππὩȢ ςππππ.   

Explain why this equation is correct. 

 

The above equation is equivalent to ὩȢ ς.  Explain why. 

 

If we rewrite this equation as a logarithmic equation we get ÌÏÇς Ȣπσχὸ which is equivalent 

to ÌÎς Ȣπσχὸ.  Solve this equation algebraically to find how long it takes Natalieôs money to 

double.   

 

Solution: It will take approximately 18.7  years for the money to double at 3.7% compounded 

continuously.   

 

 

Would your answer be different if Natalie invested $50,000 at 3.7% compounded continuously?   

What if she invested $100?  What about $1?  Explain.  (Try some of the examples if you need 

to.) 
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  The results of this problem may surprise students! 

 

Solution:  No, the answer would not be different. If we are looking at when the money doubles, 

each equation would reduce to the same equation, namely, 2 = e.037t. 
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How Does Your Money Grow? 
1. Suppose you invest $1000 in a savings account that earns 3% interest compounded per 

year.  This amount that you invest is called your principal.  

a. How much money will you have at the end of year 1?  After 2 years?  After 6 

years?  Organize your work in the table.   

 

Time in Years 0 1 2 3 4 5 

       

 

b. Write a function to express the total amount of money A in terms of the number of  

years t.   

 

 

2. Suppose you invest $1000 at 3% per year but instead of earning the interest yearly, the 

account earns the interest compounded semi-annually.  Thus, each quarter you earn ½ of 

the 3% interest or  % interest per quarter .   

a. Why?  (Do you see that  % is equivalent to 
Ȣ

 ?)  

b.  Complete the table to show the amount of money you have. 

 

Time in quarters 0 1 
2 

3 
4 

5 
(1 yr) (2 yrs) 

Total amt of money       

 

 

c. After 1 year, how does the amount of money in problem 2 compare to that in 

problem 1?  What caused the difference in the amounts?   

 

 

d. The function you wrote in part (b) of question (1) now becomes 

 ὃὸ ρπππρ
Ȣ

.     Explain why. 

 

 

In the next sequence of questions, the goal is to write the function you wrote in part (b) in a more 

general way.  Consider the sequence of questions carefully, paying close attention to patterns.   

 

e. How would your function in part (d) change if your interest was compounded 

quarterly?   How would your function in part (d) of question (2) change if your 

interest was compounded monthly?       
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f. Look for patterns.  How would your function in part (d) change if your interest 

was compounded n times per year?  Write this function. 

 

 

g. Now take the function you wrote in part (f).  How would this function change if 

the annual interest rate was 5.2%?    

  

     

h. Look for patterns.  How would the function in part (ii) change if the annual 

interest rate was  r?  Write this function. 

 

  

  

i. Finally, if the amount of money invested was $850, how would the function you 

wrote in part (iv) change? 

 

  

 

j. Look for patterns.  How would the function in part (i) change if the amount 

invested were represented by P?  Write this function.  

 

 

Congratulations!!  If all has gone well with the above questions in part (e), you have just written 

a generalization for the total amount of money A  a person would have if he invests an initial 

amount  P at an annual rate   r   compounded   n  times per year for t years!!!  You should have 

gotten ὸ ὖρ  .    If you did not get this, go back to find your error.  This formula is 

referred to as the compounded interest formula.  The formula is more commonly expressed as   

ὃ ὖ ρ . 

 

 

 

Often money is compounded continuously rather than compounded 4 times a year or 12  times a 

year, or some other finite number of times per year.  When money is compounded continuously, 

we use the continuously compounded interest formula  ὃ ὖὩ  where P is the initial amount of 

money (or principal) invested at a yearly rate r compounded continuously for t years.  This 

formula uses the irrational number e which equals 2.718281828é Since e is irrational, it neither 

terminates nor repeats.  But where does the formula ὃ ὖὩ  come from and what does it mean 

to say that ñinterest is compounded continuouslyò?  Letôs make sense of this.   

The continuously compounded interest formula comes from ὃ ὖρ .  To get a sense of 

what is happening, letôs simplify the situation to consider $1 invested at 100% per year for 1 
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year.  If you substitute this information into  ὃ ὖ ρ , you get ὃ ρρ  which is 

equivalent to  ὃ ρ . Why? 

 

When money is compounded continuously, you can imagine that the number of times it is 

compounded per year gets infinitely largeðthat is, n gets infinitely large.  Use technology to 

investigate what happens to the expression  ρ  as n increases in value.  Record the value 

of  ρ  for each value of n.  (Some values of n are given in the table.)   

 

Frequency of 

Compounding 

Number of times 

compounded in a year 

(n) 

ρ
ρ

ὲ
 

Annually 1  

Semiannually 2  

Quarterly   

Monthly   

Weekly   

Daily   

Hourly 8760  

Every Minute   

Every Second 31536000  

 

 

Examine your data in the table.   As the number of compounding times gets infinitely large, what 

happens to the value of  ρ   ?  What do you think would happen if you continued to use 

larger and larger values of n?  (Try it!) 

 

 

Letôs see what happens if we invest $1 at rates different from 100% for 1 year; this time we will 

use  r  for our annual rate of interest so that we can let  r  vary.   Again, we want the number of 

times the interest is compounded per year to increase.  The formula   ὃ ὖρ  now 

becomes ὃ ρρ  which is equivalent to ὃ ρ .  Why?   

With technology, investigate what happens to the expression ρ as n gets infinitely large.  

You will investigate this expression for different values of r.  Begin by letting  

r = 90% or .9.  Then you are looking at ρ
Ȣ

as n increases in value.  You can then consider r 

= 80% or .8 so you are investigating ρ
Ȣ

.  The following table can help you organize your 

work.  In the final column you can choose your own value of r to create the expression  ρ  

.  Remember there is no limit on the value of n; instead, n continues to get larger and larger! 
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Frequency of 

Compounding 

Number of times 

compounded in a 

year (n) 

ρ
Ȣω

ὲ
 ρ

Ȣψ

ὲ
 

 

Annual 1    

Semiannual 2    

Quarterly     

Monthly     

Weekly     

Daily     

Hourly 8760    

Every Minute     

Every Second 31536000    

 

 

Examine the data in the table.  As the number of compounding times gets infinitely large, what 

happens to the value of ρ ?  Do you see for each value of r the value of ρ appears 

to be getting closer to a particular number?   Letôs see if we can determine what that number is.  

As a suggestion, use your calculator to evaluate   ὩȢ.  Now evaluate   ὩȢ.  Conjecture?  What 

number do you think  ρ gets closer to as n gets larger and larger?  Test your conjecture for 

different values of r and LARGE values of n! 

 

 Did you see that as n increases in value, the expression ρ gets closer and closer to the 

value of  Ὡ for any value  r?  Therefore, if we are compounding interest continuously, the 

compound interest formula ὃ ὖρ  becomes ὃ ὖὩ   because  ρ  can be 

replaced with the value  Ὡ  for infinitely large values of n.  Show how.   
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Assume your friend, Natalie, has $10,000 to invest.  Complete the following chart to show how 

much she would earn if her money was invested in each of the specified accounts for 10 years.  

Frequency of 

compounding 

Annual interest 

rate 

Formula with values 

substituted in 

Amount after 10 

years 

 Quarterly 3.65%   

 Monthly 3.65%   

 Continuously 3.6%   

 

 

Which account would you suggest for Natalie? ________________ 

 

Natalie is particularly interested in how long it will take her money to double if she invests her 

$10,000 at 3.65% compounded monthly.   

The equation that will help us determine how long it will take Natalieôs money to double is 

                        ρππππ ρ
Ȣ

ςππππ  .   

Explain why this equation is correct. 

 

 

The above equation is equivalent to    ρ
Ȣ

ς.  Explain why. 

 

 

Use logarithms to solve the equation to find out how long it will take for her money to double. 

 

 

Natalie is also interested in how long it will take her $10,000 to double if she invested it at 3.7% 

compounded continuously.   

The equation that can be solved to answer this question is 

  ρππππὩȢ ςππππ.   

Explain why this equation is correct. 

 

The above equation is equivalent to ὩȢ ς.  Explain why. 

 

If we rewrite this equation as a logarithmic equation we get ÌÏÇς Ȣπσχὸ which is equivalent 

to ÌÎς Ȣπσχὸ.  Solve this equation algebraically to find how long it takes Natalieôs money to 
double.   

 

Would your answer be different if Natalie invested $50,000 at 3.7% compounded continuously?   

What if she invested $100?  What about $1?  Explain.  (Try some of the examples if you need 

to.) 
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Applications of Logarithmic Functions    Back to Task Table 
Mathematical Goals 

Work with several applications of logarithmic functions 

Use exponential and logarithmic functions to solve problems 

 

Georgia Standards of Excellence 

 

MGSE9-12.F.IF.8 Write a function defined by an expression in different but equivalent forms to 

reveal and explain different properties of the function. (Limit to exponential and logarithmic 

functions.) 

 

MGSE9-12.F.IF.8b Use the properties of exponents to interpret expressions for exponential 

functions. For example, identify percent rate of change in functions such as y = (1.02)t, y = 

(0.97)t, y = (1.01)(12t), y = (1.2)(t/10), and classify them as representing exponential growth and 

decay. (Limit to exponential and logarithmic functions.) 

 

MGSE9-12.F.BF.5 Understand the inverse relationship between exponents and logarithms and 

use this relationship to solve problems involving logarithms and exponents.  

 

MGSE9-12.F.LE.4 For exponential models, express as a logarithm the solution to ab(ct) = d 

where a, c, and d are numbers and the base b is 2, 10, or e; evaluate the logarithm using 

technology. 

 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

6. Attend to precision.  

7. Look for and make use of structure. 

8. Look for and express regularity in repeated reasoning. 

 

Introduction  

Students explore several applications of logarithmic functions including pH levels and the 

magnitude of earthquakes. 

 

Materials 

Graphing calculator or some other graphing utility 

 

Logarithmic functions are used to model various situations in many different fields.  In this task, 

you will investigate some of these situations.   
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Problem 1:  Acidity of Solutions 

NASA had to ensure the astronauts would have sufficient and safe drinking water while traveling 

to Exponentia.  The scientists had to test the pH of the water that was to be stored on the space 

shuttle to be sure it was within a safe range.    

 

"pH" stands for "potentialò of ñhydrogen.ò  The "H" in pH is capitalized because the symbol for 

hydrogen is H.  The concentration of hydrogen ions, [H+], in a substance determines whether the 

substance is more acidic or alkaline.  [H+], however, is usually a very large or very small number 

so we use logarithms to convert [H+] to pH.  pH provides a more convenient way to express how 

acidic or alkaline a substance is.   

The pH scale ranges from 0 to 14.  A solution with a pH of 7 means it is a neutral solution. Pure 

water has a pH of 7. A pH less than 7 means the solution is acidic. A pH greater than 7 means the 

solution is alkaline (basic).  The smaller the pH, the more acidic is the solution; the greater the 

pH, the more alkaline is the solution.   

 

pH is often measured for soil, water, blood, urine, and many chemical reactions; pH is an 

important value that has significance and consequences. For example, the pH of normal human 

blood and tissues is about 7.4; if this pH is changed by 0.2 or more, either up or down, it is a life-

threatening situation. The ideal range for the pH of water in a swimming pool is 7.2 to 7.8. When 

the water in a swimming pool falls below 7.2, humans experience eye and skin irritation and pool 

equipment corrodes.  Levels above 7.8 inhibit chlorine's ability to neutralize viruses, bacteria and 

other health risks in the water, and also cause eye irritation. 

 

pH is the negative logarithm of the concentration of free hydrogen ions, measured in moles per 

liter (moles/L).  The formula to convert the concentration of hydrogen ions to pH is   

pH = -log [H+] . 

 

1. Consider the general common logarithmic function, f(x) = log x. How will the graph of the 

pH conversion function, g(x) = - log x, differ from the graph of f(x)? Specifically, how, if at 

all, are the domain, range, intercepts, asymptotes, increasing/decreasing changed?  What kind 

of graphical transformation is this? 

Solution: The conversion function is a vertical reflection of f(x) over the x-axis. The domain, 

range, intercept, and asymptote will remain the same. However, the graph of g(x) is 

decreasing. 

 

2. If a water sample has a pH of 5, use the conversion formula to determine the concentration of 

hydrogen ions in the sample. 

 

Solution: -5 = log [H+] Ą 10-5 = [H+]. So the concentration is 10-5moles/L. 

 

3. Suppose another water sample has a pH of 7.  How does the concentration of hydrogen ions 

in this sample compare to the concentration of hydrogen ions in the sample with pH of 5?  
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Solution: If the pH is 7, the concentration of hydrogen ions is 10-7 moles/L. Water with a pH 

of 5 has a hydrogen ion concentration that is 10-5 moles/L.  Thus, the concentration of 

hydrogen ions in the water sample with pH 5 is 100 times that of the water sample with pH of 

7.  

 

4. The [H+] in drinking water should range between approximately 3.16 x 10-9  and 10-6.   

Determine the approximate range for the pH of drinking water.   

 

Solution: The approximate pH range is between 6.0 and 8.5. 

 

5. The concentration of hydrogen ions of a solution is measured and found to be 10-4.  Is this 

solution more or less acidic than drinking water?   Explain.  

Solution: The pH of this solution is 4. The lower the pH, the more acidic it is. Therefore, this 

substance is more acidic than our drinking water. 

 

Problem 2:  Intensity of Sound1 

The loudness of sound, D, measured in decibels (dB) is given by the formula 

    Ὀ ρπÌÏÇ  

where I is the intensity measured in watts per square cm (w/cm2). The denominator, 10-16, is the 

approximate intensity of the least sound audible to the human ear.2 

1. If a normal conversation is held at an intensity of 3.16 x 10-10 w/cm2, how many decibels is 

this? Simplify as much as possible before using the calculator. (You should use some 

properties of exponents.) 

Solution: D = 10 log (I / 10-16) = 10 log (3.16 x 10-10 / 10-16) = 10 log (3.16 x 106) º 65 dB 

 

2. Suppose the whisper of the ventilation system in the space shuttle had an intensity of 10-15 

w/cm2. How many decibels is this? Do not use a calculator. Explain how you determined the 

answer. 

Solution: D = 10 log (I / 10-16) = 10 log (10) = 10 dB. We know that log (10) means the 

exponent, a, that the base 10 is raised to in order for 10a = 10. So a = 1. Therefore, the 

equation is now 10 (1) = 10 dB. 

 

 

 

 

                                                 
2 Adapted from Discovering Advanced Algebra: An Investigative Approach from Key Curriculum Press, 2004. 
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3. The loudest a rock concert may be held is 120 dB. This is also how loud a space shuttle 

launch is from a viewing area for non-essential NASA personnel. What is the intensity of the 

launch from this site? Leave your answer in exponential notation. (You will need to use that 

logarithms and exponential functions are inverses.) 3 

Solution: D = 10 log (I / 10-16) Ą 12 = log (I/10-16) Ą 1012 = I/10-16 Ą 10-4 w/cm2 = I 

 

 

Problem 3:  Magnitude of Earthquakes 

Most earthquakes are so small enough hardly to be noticed; however, some can be very powerful 

causing widespread death and destruction and can even trigger tsunamis. The Richter magnitude 

scale was developed in 1935 by Charles F. Richter of the California Institute of Technology.  

The magnitude is a number that characterizes the relative size of an earthquake. Magnitude is 

based on a measurement of ground motion recorded by a seismograph.  The Richter scale is a 

base-10 logarithm scale; each increase of 1 magnitude means 10 times the ground motion.  For 

example, an earthquake with magnitude 6.3 has 10 times the ground motion of an earthquake of 

magnitude 5.3; thus, the 6.3 earthquake is 10 times the size of the 5.3.   An earthquake of 

magnitude 7 has 102 or 100 times the ground motion of an earthquake of magnitude 5 so the 

magnitude 7 earthquake is 100 times the size of the magnitude 5 earthquake.    

1. One earthquake measured 2 on the Richter scale.  A second earthquake measured 8 on the 

Richter scale.  Compare the sizes of the two earthquakes.   

 

 

2. In 2002, an earthquake of magnitude 7.9, one of the largest on U.S. land, occurred in the 

Denali National Park in Alaska. On April 29, 2003, an earthquake in Fort Payne, Alabama 

was felt by many residents of northern Georgia. The magnitude was 4.6. How does the size 

of the Alabama earthquake compare with the size of the Denali earthquake? 

Solution: The Denali earthquake was 103.3 times the size of the Alabama earthquake. 

 

 

3. Rather than discuss relative size of an earthquake, we often prefer to discuss the amount of 

energy released by an earthquake. A formula that relates the number on a Richter scale to the 

energy of an earthquake is r = 0.67 log E ï 7.6, where r is the number on the Richter scale 

and E is the energy in ergs. 

 

 

a. What is the Richter number of an earthquake that releases 3.9 x 1015 ergs of energy? 

(Be careful when inputting this into the calculator.) 

 

                                                 
3 Information obtained from the Space Shuttle Recording Project. 

http://earthquake.usgs.gov/learn/glossary.php?termID=167
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Solution:  r = 2.846 

 

b. How much energy was released by the 2002 Denali earthquake?   By the 2003 

Alabama earthquake? 

 

Solution:   

Denali earthquake:  r = 0.67 log E ï 7.6 

  7.9 = 0.67 log E ï 7.6 

    log E = 15.5/.67 Ą 1023.12 = E Ą 1.36 x 1023 ergs of energy 

 

Alabama earthquake: r = 0.67 log E ï 7.6 

  4.6 = 0.67 log E ï 7.6 

    log E = 12.2/.67 Ą 1018.21 = E Ą 1.62 x 1018 ergs of energy 
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Applications of Logarithmic Functions 

Logarithmic functions are used to model various situations in many different fields.  In this task, 

you will investigate some of these situations.   

Problem 1:  Acidity of Solutions 

NASA had to ensure the astronauts would have sufficient and safe drinking water while traveling 

to Exponentia.  The scientists had to test the pH of the water that was to be stored on the space 

shuttle to be sure it was within a safe range.    

 

"pH" stands for "potentialò of ñhydrogen.ò  The "H" in pH is capitalized because the symbol for 

hydrogen is H.  The concentration of hydrogen ions, [H+], in a substance determines whether the 

substance is more acidic or alkaline.  [H+], however, is usually a very large or very small number 

so we use logarithms to convert [H+] to pH.  PH provides a more convenient way to express how 

acidic or alkaline a substance is.   

The pH scale ranges from 0 to 14.  A solution with a pH of 7 means it is a neutral solution. Pure 

water has a pH of 7. A pH less than 7 means the solution is acidic. A pH greater than 7 means the 

solution is alkaline (basic).  The smaller the pH, the more acidic is the solution; the greater the 

pH, the more alkaline is the solution.   

 

pH is often measured for soil, water, blood, urine, and many chemical reactions; pH is an 

important value that has significance and consequences. For example, the pH of normal human 

blood and tissues is about 7.4; if this pH is changed by 0.2 or more, either up or down, it is a life-

threatening situation. The ideal range for the pH of water in a swimming pool is 7.2 to 7.8. When 

the water in a swimming pool falls below 7.2, humans experience eye and skin irritation and pool 

equipment corrodes.  Levels above 7.8 inhibit chlorine's ability to neutralize viruses, bacteria and 

other health risks in the water, and also cause eye irritation. 

 

pH is the negative logarithm of the concentration of free hydrogen ions, measured in moles per 

liter (moles/L).  The formula to convert the concentration of hydrogen ions to pH is   

pH = -log [H+] . 

 

1. Consider the general common logarithmic function, f(x) = log x. How will the graph of the 

pH conversion function, g(x) = - log x, differ from the graph of f(x)? Specifically, how, if at 

all, are the domain, range, intercepts, asymptotes, increasing/decreasing changed?  

What kind of graphical transformation is this? 

 

2. If a water sample has a pH of 5, use the conversion formula to determine the concentration of 

hydrogen ions in the sample. 

 

 

3. Suppose another water sample has a pH of 7.  How does the concentration of hydrogen ions 

in this sample compare to the concentration of hydrogen ions in the sample with pH of 5?  
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4. The [H+] in drinking water should range between approximately 3.16 x 10-9  and 10-6.   

Determine the approximate range for the pH of drinking water.   

 

5. The concentration of hydrogen ions of a solution is measured and found to be 10-4.  Is this 

solution more or less acidic than drinking water?   Explain.  

Problem 2:  Intensity of Sound1 

The loudness of sound, D, measured in decibels (dB) is given by the formula 

    Ὀ ρπÌÏÇ  

where I is the intensity measured in watts per square cm (w/cm2). The denominator, 10-16, is the 

approximate intensity of the least sound audible to the human ear.4 

1. If a normal conversation is held at an intensity of 3.16 x 10-10 w/cm2, how many decibels is 

this? Simplify as much as possible before using the calculator. (You should use some 

properties of exponents.) 

 

 

2. Suppose the whisper of the ventilation system in the space shuttle had an intensity of 10-15 

w/cm2. How many decibels is this? Do not use a calculator. Explain how you determined the 

answer. 

 

3. The loudest a rock concert may be held is 120 dB. This is also how loud a space shuttle 

launch is from a viewing area for non-essential NASA personnel. What is the intensity of the 

launch from this site? Leave your answer in exponential notation. (You will need to use that 

logarithms and exponential functions are inverses.) 5 

Problem 3:  Magnitude of Earthquakes 

Most earthquakes are so small enough hardly to be noticed; however, some can be very 

powerful causing widespread death and destruction and can even trigger tsunamis. The Richter 

magnitude scale was developed in 1935 by Charles F. Richter of the California Institute of 

Technology.  The magnitude is a number that characterizes the relative size of an earthquake. 

Magnitude is based on a measurement of ground motion recorded by a seismograph.  The 

Richter scale is a base-10 logarithm scale; each increase of 1 magnitude means 10 times the 

ground motion.  For example, an earthquake with magnitude 6.3 has 10 times the ground motion 

of an earthquake of magnitude 5.3; thus, the 6.3 earthquake is 10 times the size of the 5.3.   An 

earthquake of magnitude 7 has 102 or 100 times the ground motion of an earthquake of 

magnitude 5 so the magnitude 7 earthquake is 100 times the size of the magnitude 5 earthquake.    

1. One earthquake measured 2 on the Richter scale.  A second earthquake measured 8 on the 

Richter scale.  Compare the sizes of the two earthquakes.   

                                                 
4 Adapted from Discovering Advanced Algebra: An Investigative Approach from Key Curriculum Press, 2004. 
5 Information obtained from the Space Shuttle Recording Project. 

http://earthquake.usgs.gov/learn/glossary.php?termID=167
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2. In 2002, an earthquake of magnitude 7.9, one of the largest on U.S. land, occurred in the 

Denali National Park in Alaska. On April 29, 2003, an earthquake in Fort Payne, Alabama 

was felt by many residents of northern Georgia. The magnitude was 4.6. How does the size 

of the Alabama earthquake compare with the size of the Denali earthquake? 

 

 

3. Rather than discuss relative size of an earthquake, we often prefer to discuss the amount of 

energy released by an earthquake. A formula that relates the number on a Richter scale to the 

energy of an earthquake is r = 0.67 log E ï 7.6, where r is the number on the Richter scale 

and E is the energy in ergs. 

 

 

a. What is the Richter number of an earthquake that releases 3.9 x 1015 ergs of energy? 

(Be careful when inputting this into the calculator.) 

 

 

 

b. How much energy was released by the 2002 Denali earthquake?   By the 2003 

Alabama earthquake? 




























































































